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PREFACE. 


THE importance of a knowledge of DrtTerminants to all 
who extend their reading beyond the elements of mathematics, 
and the fact that most modern writers employ the determinant 
notation, have led to the belief that an American work on 
Determinants might satisfy a growing demand. ' 

This is a text-book, and not an exhaustive treatise. Enough 
is given, however, to enable the student to use the determinant 
notation with ease, and to enable him to pursue his further 
reading in the modern higher mathematics with pleasure and 
profit. 

The book is written with reference to the wants of the 
private student as well as to the needs of the class-room. The 
subject is at first presented with great simplicity. As the stu- 
dent advances, less attention is given to details. More than 
half the volume is devoted to applications and special forms, 
that the reader may get some notion of the power and utility 
of determinants as instruments of research. 

Throughout the work care has been taken to show how each 
new concept has been evolved naturally ; and, whenever it is 
thought advisable, a special case precedes the general dis- 
cussion. 

The work has been written in the far West, where contact 
with others in the same field was practically impossible. I 
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shall therefore be grateful for any notification of errors that 
may have escaped detection. 

My thanks are due to Messrs. J. S. Cusninec & Co., of 
Boston, for great care and patience manifested in the prepara- 
tion of the plates. 

Among the works consulted most assistance has been derived 
from the following. ~ All the works named have been used 


freely. 


Matzka.— Grundziige der systematischen Einfiihrung und Begriin- 
dung der Lehre der Determinanten. 

Baltzer.— Theorie und Anwendung der Determinanten (Fiinfte 
Auflage). 

Giinther.— Lehrbuch der Determinanten-Theorie (Zweite Auflage). 

Diekmann. — Einleitung in die Lehre von den Determinanten und 
ihrer Anwendung auf, ete. 

Dostor. — Eléments de la Theorie des Déterminants avee Applica- 
tions, etc. (Deuxieme edition). 

Hoiiel. — Cours de Calcul Infinitésimal. 

Scott.— A Treatise on the Theory of Determinants and their Appli- 
cations, etc. 

Burnside and Panton.— The Theory of Equations, with an Intro- 
duction, ete. 

Muir.— A Treatise on the Theory of Determinants. 


I am especially indebted to the last two works for many - 
examples. 
PAUL H. HANUS. 


BOULDER, Cou., May, 1886. 
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THEORY OF DETERMINANTS. 


CHAPTER I. 
PRELIMINARY NOTIONS AND DEFINITIONS. 


1. The first notion of Determinants we owe to Leibnitz, who, 
in his attempts to simplify the expressions arising in the elimi- 
nation of the unknown quantities from a set of linear equations, 
employed symbols nearly identical with our present determinant 
notation. In a letter dated April 28, 1693, Leibnitz communi- 
cates his discovery to L’Hospital; and later, in another letter, 
expresses the conviction that the functions will develop remark- 
able and very important properties, — a conviction which time 
has abundantly verified. Leibnitz, however, never pursued the 
subject himself, and his discovery lay dormant till the middle 
of the eighteenth century. 

In 1750 the celebrated geometer,.Gabriel Cramer, rediscovered 
determinants while working upon the analysis of curves. Dur- 
ing the course of his investigations, Cramer had to solve sets 
of linear equations, and naturally encountered the same func- 
tions that had attracted the attention of Leibnitz.* To Cramer 
is due the general rule for the solution of » simultaneous linear 
equations (non-homogeneous), containing as many unknown 


quantities. 
This rule was inferred without proof from the form of the 
values of the unknown quantities obtained in solving sets of 


two and three equations. 


* The particular problem which led to Cramer’s discovery of deter- 
minants appears to have been: To pass a curve of the vth order through 


vw 3v 3 
any —+— given points. 
iar) ae 5) £ I 
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Since the time of Cramer important advances have been 
made. The names of many celebrated mathematicians appear 
in the list of those who aided the evolution of a theory of deter- 
minants. Prominent among these are Vandermonde and Gauss. 
From Gauss the name ‘‘ determinant” instead of ‘‘ resultant” 
was adopted by Cauchy. Cauchy and Jacobi are perhaps to 
be considered as the greatest among those who first developed 
the subject. The monograph of Jacobi, published in 1841,* 
established the foundation of a treatise on the theory of 
determinants; and his own writings, as well as the works of 
many eminent mathematicians during the past fifty years, attest 
the wonderful power of determinants as instruments of mathe- 
matical investigation, and the fruitfulness of the functions 
themselves. 


2. The most natural way of approaching the theory of deter- 
minants would be along the line of development. This is 
accordingly our purpose. Owing to peculiar difficulties attend- 
ing this mode of procedure, we can however only employ this 
method at the outset, and must soon adopt a presentation 
better suited to the further unfolding of the subject, and free 
from the peculiar difficulties alluded to. 


Determinants of the second, third, and fourth order. 
3. Consider the set of four simultaneous linear equations : — 
(1) qethy +oz2+dt= im, ) 
(2) dou + bey +2 +d,t = my 
(3) de + boy + ¢,2 + dst = nry 
(4) agw+tdyy toyz +dyt= m, } 
Here it will be convenient to eliminate the unknown quantities 
in a uniform manner, as follows: in each set of equations to be 
obtained, (2) will be multiplied by the coefficient of the un- 
known in (1) that is to be eliminated, and (1) by the corre- 
sponding coefficient in (2); (8) will be multiplied by the 


* De Formatione et Proprietatibus Determinantium. 
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coeflicient of the unknown under consideration in (2), and (2) 
by the corresponding coefficient in (3); and so on through the 
set. Having thus made the coeflicients of one of the unknowns, 
x, say, the same in all the equations, we will then eliminate a: 
by subtracting (1) from (2), (2) from (3), ete. We shall {ind 
in performing these operations that the coefficients of the un- 
known quantities and the absolute term after each elimination 
are functions of a particular form, and subject to the same law 
of formation, —that these functions aré, ix fact, DereERMINANTS. 
Eliminating & in set I. as directed, we have 


(1) (@)b2.—aeb)) y+ (Gyeg— 50) ) 2 + (Gy de— aod, t= aymy— gm, ) 
(2) (dsbs— Asbo) y + (gl3— Agen) ¥ (ods — Ay) t= ays, — AgMy I. 
(3) (dgby— yh) y+ (Ages — Oyl3) 2 + (yd, — Ady) t= aging — ays | 


4. Examining these binomial coefficients, we see that each 
contains one positive and one negative term, and involves four 
quantities, viz., a, do, 0), bg; OF Gy, Mg, Co, Cz, etc. ‘It will also 
be noticed that each term never contains more than one a 
.(coefficient of w), or b (coefficient of 7), or ¢ (coefficient of z), 
etc., but that each term does contain all the subscripts that 
occur in the binomial. Finally, the terms in which the sub- 
_seripts occur in their natural order are positive, while in the 
negative terms there is an inversion of the natural order in the 
subscripts, 7.€., d;c, is +, but a,c; is —. Such binomials are 
determinants of the second order.* (The order of a determinant 
is determined by the number of factors in each term.) It has 
been agreed to denote them, following Laplace, by writing the 
letters involved in regular succession, affecting each with the 
subscripts in order, and enclosing the whole expression within 
parentheses, thus : (,,) = a,b, — dy), 5 (dag) = Mel, — Ags, ete. 

Introducing this notation, set II. becomes 

(1) (a,b) y + (Grea) 2 + (ade) = (in 9) 
(2) (dads) ¥ + (Gees) @ + (ods) t= (dams) } UT. 
(3) (ash) y+ (gC) % + (dgdy) = (A374) 


* The general definition of a determinant is given in 17, Chap. Ty: 
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5. If we now eliminate y, according to the directions givep 
in 3, we have 
(1) [(eb2) (23) — (G25) (dae) ]2 + [Car be) (42 ds) | 
— (dyb3) (dy) ]t = (a, b2) (detits) — (deb3) (a M2) 
(2) [(ded;) (M3 C4) — (304) (ees) ]2 + [(a2bs) (ads) 
— (a3b4) (ads) ]t = (€zb3) (sg) — (304) (Gems) J 
Examining the binomial coeflicients of the unknowns, and 
the absolute terms in set IV, we see at once that they are of 
the same form; and if we can simplify any one of them and 
discover the law of formation, we have them all. For this 
purpose let us expand the coefficient of z, putting, for short- 
ness, this coefficient equal to C. Then, by the definition in 4, 


C = (a2) (do€3) — (Gab3) (Ay C0) : 
= (G05) (Gy €3 — Ug6o) — (Ayb3) (Cy — Mye)) 
= ly [ (a, 02) C3 + (263) C1] — C2 [ (4, de) dz + (debs) ay]. 
The last binomial, 

(02) 3 + (Gyb3) dy = (Ay by — dab) dg + (dgb3—Ag be) ay 
= Cy (G03 — Ugh) = My (a, 03). 

°C = dy [( ay 02) C3 — (Gy D3) Cp + (yds) & |] 
= (ty [hy by Cz — AyD, Cz — Dg Cy + gd Cy + Ag b3e, — Ag doe]. 


TVs 


‘ 


Here the quantity within brackets consists of 2-3=6 terms, 
i.e., of as many terms as there: are permutations of the sub- 
scripts 1,2,3- Three of the terms are positive and as many 
are negative. The quantity involves the 3°?=9 quantities a, 
gy Cg, Dyy Boy Dgy Cry Coy Cy. 

No term involves more than one a, or 0, or c, but does con- 
tain all of the subscripts 1,93, each term containing a different 
permutation of these numbers. Finally, as before, we notice 
that those terms in which the subscripts occur in their natural 
order, or in which there issan even number of inversions* of 


* In a series of integers which are all different there is said to be an 
inversion of order when a greater number precedes a less. Thus in 13452 
there are three inversions, in 21354 there are two inversions, etc. 


PRELIMINARY NOTIONS AND. DEFINITIONS. D 


order, are positive, while those terms are negative in which the 
number of inyersions of order of the subscripts is odd. Such 
a function is a determinant of the third order. A determinant 
in which the quantities are those of C is denoted by (a,b, ¢3). 
We therefore have C = a, (a,b.¢,;). It must be carefully noticed 
that the equation 


(4 boC3) = (4 D2) C3 — (4,3) C2 + (Gaby) Cy 
= Ay €3 — Gy b, C3 — A b3 6g + Az Dy Cy + Ay b3¢, — Ag boc 
gives the expansion of a determinant of the third order. 
Employing the notation just explained, the coefficient of 
¢ in (1) is evidently a,(a,b,d;), and the absolute term is 
Mz (G,b2m3). The coefficients and the absolute term of (2) will 
obviously be ds (20304), ds (20304), Az (d2b3m,4), in order. é 
Introducing this notation into set IV, and dividing (1) and 
(2) by ay and a; respectively, we have 
(1) (a) b5€3) 2+ (a by da) t = (a,b: 703) 
(2) (dgbs3e4) 2 + (da b3 dy) t = (a b,,) ; 
6.* If we now eliminate z in the same manner as heretofore, 
we have 
[ (a, 0263) (dg b3d4) — (Ho b30,) (0243) ]t ! 


= (A, 903) (dab, i4) — (gb3Cy) (ay b2ms) J 


The preceding results naturally imply a simplification and law 
of formation to be discovered in the coefficient of # and the 
absolute term of VI. 
To simplify the coefficient of t, which for shortness we will 
call C, as before, we proceed as follows : 
CO = (a) by€3) (dy bgdy) — (dab3C4) (O23) 
= (a b2¢3) [(dgb3) dy — (do b4) dy + (304) de] 
= (dyb3C,) [(ay dy) dy — (03) dg + (Ae b;) dy] 
= (dys) [ (ay 23) dy =. ( Dg C4) dy | ee Dads + 18s, dy ; 


* 6 may be omitted on first reading, if thought best. 
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in which 
D = (aybyCq) (aby) + (dgb3¢4) (4,02), and 
Dy= (4 b3¢3) (gy) + (eb3¢4) (193) « 
Now, by 5, (ay by C3) = (cy by) C3 — (1, Ds) Co + (Mo Ds) Cy 5 
and (GybgC4) = (yds) Cy — (MgD4) Cx + (tz D4) Co. 
Substituting, 
D = (ays) [(aib2) 3 — (13) Co + (42b5) Gr] + (4102) [(2bs) C4 
— (My D4) C3 + (34) C2] 
= (dyb3) [ (d2b4) G+ (A102) C4] — [(2b4) (419s) 
— (A,b5) (4354) | Co. 
The second binomial, (24) (@ 03) — (02) (4354) 


= (db, — aby) (63) — (3b, — Ayb3) (Ay de) 
= D,[ (03) dp — (by) Az] — ay [1 bg) by — (Ay bg) Bs | 
= Dy [ (4,53 — gy) dy — (0, bg —Ayby) As] 
— (14 [ (03 — A351) by — (02 — Aab,) Ds] 
= 0 Dy (dgdg — Ag bo) — 4b, (ab; — As by) 
== (0,01): (Gy0s) a) > Sere es 
*, D = (dgb3) [(a1b2) Cy — (0 4) Co + an av). 
Substituting the expansions of (a0,¢;) and of (a b,c.) in D, 
we have 
= (304) [(d,b2) C3 — (Bg) Co + (tg D3) | + (0,03) [( 25) C4 
— (azb4) €3 + (ds 04) C2] 
= (dy),) [(gb4) C+ (0403) C4] — [(aabs) (d22,) — (de) (tgb4) ] C5. 
Here we notice that the binomial factor of the second term is 
the same as the binomial factor in the last term of ): hence 
equation (K) above, is (dbs) (a4). ; 
Dy = (dybg) [(dy bg) ey — (4) C3 + (304) 4]. 
Substituting the values of D and D, just obtained, in C, 
we have 


PRELIMINARY NOTIONS AND DEFI NITIONS. 


+ 


J = (abs) [a b¢3) dy — (db,0,)a, — § (dy D5) es a (ay 04) ey 
+ (254) C3 ds, + $ (dy bs) ey — (4,54) 3 + (304) c} dz] 
= (gbs) (4, bye) dy — (yb ¢4) dg + (4, bs 04) dy — (Ay b3¢,) dy}. 


From this value of C the absolute term of VI is obviously 
(abs) [(4,02¢3) 14 — (ty Dy Cy) Mg + (4, DgC4) My — (ly dgC4) my] 


Now the quantity within brackets in C (and in the absolute 
term) of VI is here seen to be composed of four terms, each 
of which contains a factor which is a determinant of the third 
order. We shall presently show that this quantity is a deter- 
minant of the fourth order, and will therefore write, in accord- 
ance with the notation already exemplified, for determinants of 
lower orders : 


(ayboe3) dy — (004) dg + (Ay DyC4) dg — (Aadgey) dy = (ayboegdy) (RB). 
Now, 5, (4, by¢3) = (02) 3 — (D3) C2 + (Agb3) & 5 

(dy by¢4) = (ay by) C4 — (4) Co + (4g b4) i 5 

(4, D304) = (G03) Cy, — (4,04) C3 + (4304) & 5 

(dy 3C,) = (Uab3) Cy — (4) C3 + (1g 04) Co. 


Expanding the determinants of the second order in the 
second members of these equations according to 4, and sub- 
stituting in equation (R), there results : 


(A boCg1y) = AyDoC gly — bal, — Abo, + Ash Cody + Abe dy — Ash. 
— body + ed C4, + AD Cody — ADC 3 — Ugh Cyd + Aydoc ds 
Hay daCyhy — Ag 04g — AD 4Cy1g + UD Cgdo + Agh yyy — A450 Ay 
— by gC + debts, + dghegd, — Ayboe,d, — Ag) Coy + AyD gCodl). 


This expansion contains 4-3-2 = 24 terms, involving 4°= 16 
quantities. Each term contains only one a (coefficient of «), 
one b (coefficient of y), one ¢ (coefficient of z), one d (coefficient 
of t), and contains all the subscripts; a different permutation 
of the subscripts belonging to each term. As before, we find 
that the number of inversions of order of the subscripts is an 
eyen number in the positive terms, and is an odd number in 
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the negative terms. Moreover, the number of terms is exactly 
the number of permutations of the first four natural numbers. 
Such a function is a determinant of the fourth order, and is 
accordingly designated by (,0.¢,d,). Introducing this nota- 
tion, and dividing by (ab;), equation VI becomes 


(ay bo6,.0,) 6 = (a boC3M4)- VIR 


It is to be noticed that equation (R) of the present article 
gives the expansion of a determinant of the fourth order. 


7. We have now shown how determinants of the second, 
third, and fourth orders arise in the solution of simple simul- 
taneous equations. From the reductions of 6, it is obvious 
that to continue the present method would very soon imply 
difficulties in the simplifications practically insurmountable when 
we attempt to produce determinants of, the higher orders. For 
determinants of the fifth order, the process of reduction would 
be found very tedious. Hence, to investigate the properties of 
determinants of the mth order, we are forced to take a new 
starting-point; and in Chapter Il. we proceed upon a plan 
somewhat different from that hitherto adopted. 


Values of the Unknown Quantities. 
(ay by 374) 
(CA 
of set I been so arranged that 2 should be the last unknown 
; : bod. 

in each equation, we would evidently have peace E 3M) 


In the s op wz (ee Caa) | ye (tabatgints) (a, bods¢,) 
sae tale ea ( dy¢3 0,4) ” (d, bees (ly) 


8. From equation VII, 6, t= Had the equations 


-9. Among the many properties of determinants to be estab- 
lished, we may here produce the following theorem, which is 
among the most important of the elementary theorems in the 
subject : 


The interchange of two letters, or of two subscripts, the others 
remaining undisturbed, changes the sign but not the magnitude 
of a determinant. 


VALUES OF THE UNKNOWN QUANTITIES, 9) 


Ist. For determinants of the second order. 

(a) The interchange of two letters. 

(a b,) =ab,—a.b,. In this, if we interchange @ and h, the 
second member becomes 


by dy — by ay = — (Ab, — Gy b,) .*. (6,0) = — (ajdo). 


(b) The interchange of two subscripts. 
(a b2) = ab.—b,. If the subscripts are interchanged, the 
second member becomes 


dad, — a by = — (a,b, — agb,) «*. (od,) = — (a, bo). 


2d. For determinants of the third order. 


(a) The interchange of two letters. 
(4, byes) = (a, b.)¢3 — (403) C2 + (A2b3)¢;. In this, if we inter- 
change « and b, the proposition is obvious from the first part 


of the demonstration, Ist, (a). 
We have therefore to show that the proposition holds for } 


andc. We have, 5, 
(bz) (d2¢3) — (d2b3) (Mey) = dy(y bye). 


In this expression, interchanging } and ¢, the first member 
becomes (C2) (203) — (da¢,) (4,02). Since ad, remains un- 
changed, (,¢5b3) = — (a be€,)- 

(b) The interchange of two subscripts. 

(,b2¢3) = (a, by) 3 — (Gb) Co + (obs). (LL). If the sub- 
seripts 2 and 3 are interchanged, the second member becomes 
(D3) Cy — (My bo)¢3 + (Agbo)e. Since (a3b.) = — (debs), “Ist, 
(b), the second number of (L) becomes ; 

— (a, bg) C3 + (03) C2 — (D3) ¢1 
ee (ay by, Cy) = (1, Do€y) « 

In the same manner it may be shown that the interchange of 
any other two subscripts in (L) changes the sign of the second 
member, .*. the proposition. 
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3d. For determinants of the fourth order. 
(a) The interchange of two /etters. 
(Dy C3 Uy) = (A, b203) dy— (hy Do C4) Ug + (0 D5 C4) do— (Ala Osta) Gi. Cu): 


From 2d, (a), the proposition is obvious for an interchange 
of the first three letters. ‘lo show that the proposition holds 
for ¢ and d, we have, 6, 


(0, b2C3) (Agdgdy)— (2 b3C4) (Gy bodg) = (gb3) (Gy x €3 M4) - 
The interchange of ¢ and d transforms the minuend into sub- 
trahend, and the subtrahend into minuend, in the first member. 
Hence, as (a@2b;) remains unchanged, (d,b.d3¢,) = — (41 b2¢34) - 
(b) The interchange of two subscripts. 
(cyboCaly) = (Ayb9e5) dy — (Ayb9C4) dy + (AyD3C4) do — (gbg¢,) dy. (ML). 


In this, if we interchange the subscripts 2 and 3, the second 
member of (M) becomes 


(4 D3 €y) dy — (B34) dg + (A D9€4) dg + (3024) Ty. 


Now, by 2d, (b), (a,03¢2) = — (a, 0965) ; and (dz by¢,) = — (Gy dg Cy). 
Hence the second member of (M) may be written 


— (dy be ¢3) diy + (dy by.cy) dz — (a, b5¢4) dy + (dab; C4), 
and therefore (ay bs 6y4) = — (A, b9¢3 4) - 


In a similar manner the proposition may be established for 
the interchange of any other two subscripts. 

It is obvious that two consecutive interchanges will leave the 
determinant unaltered either in sign or magnitude. Notice 
that an interchange of two letters corresponds to a uniform 
change in the order of succession of the unknown quantities in 
the original set of equations. Also, that an interchange of two 
. subscripts corresponds to changing the order of the equations. 


10. Applying the proposition of the preceding article to the 
values of x, y, 2, and t, obtained in 8, we have 


eas (1m b2¢3d4) eG) at __ (a domed) | (2 (a by Cs, 714) 
CAM ye (@,02030,) ° “~~ (a Bye3d,)’ (a, b,¢,d,) 
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Notice that the common denominator in these values is the 
determinant of the fourth order, formed from the coefficients of 
the unknown quantities. Also, that the numerator of the value 
of « is obtained by changing the a of the denominator into m. 
The numerator of the value of y is likewise obtained by chang- 
ing the 6 of the denominator into m, and that the numerators 
of the values of z and ¢ are similarly obtained by changing the 
e and d into m respectively. 


‘ 


Notation. 


11. We have seen that a determinant of the second order 
ag 2?=4 quantities, a determinant of the third order 

= 9 quantities, and a determinant of the fourth order 47 = 16 
aidice It is customary to employ the notation intro 
by Cayley, and write these determinants so that the quar 
(called elements) entering into the determinant appear arra 
in the form of a square, with a vertical line on each side. 


Thus (4, 5)) = \a, 01); (a) bo) =| ab, ¢, 5 aNd (a, Dory) =| a,b, ed 
192) = | Oy lg) Og Cy} 191 Ay 


|d25| OnOale Cg De Co dy 
As Dale A D3 C3 As 
Oty Oy Cy lg 


Other forms of notation are also | a, b2| for (a2); | a2 ¢; | 
for (a, by 63); |b: ¢3d,| for (ay by cy dy). 

There are still others to be described later. In Cayley’s 
notation the elements are so arranged that, regarded as coefli- 
cients of the unknowns in the original set of equations, they 
occur in rows and columns in the regular order in which they 
are found in these original equations. Further, comparing the 
expansions with the square arrangement, we notice that each 
term contains one, and only one, element from each row and 
column, and that there is no other element from the same row 
and column in the same term. Hence, as already exemplified, 
there can be only 2, 3, or 4 elements in each term, according 
as the determinant is of the second, third, or fourth order. 
It will be noticed that the quantities occurring in the abbreviated 
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forms (a,b, 63), (2), |, b.¢3 dy|, etc., are those found in one 
of the diagonals in the square arrangement, viz., the diagonal 
extending from the upper left-hand corner to the lower right- 
hand corner. This diagonal is called the principal diagonal. 
Similarly, that diagonal extending from the lower left-hand 
corner to the upper right-hand corner is the secondary diagonal. 
Any line parallel to these (principal or secondary) is a minor 
diagonal. Any of the expansions heretofore given show that 
the product of the elements of the principal diagonal is a posi- 
tive term of the determinant. _This term being composed of 
the elements of the principal diagonal, is called the principal 
term. The other terms can be formed from the principal term 
by making all the possible permutations of the subscripts and 
prefixing the proper sign to each permutation (5 and footnote ; 
also 6). 

Observe that the order of the letters in the abbreviated forms 
of notation is the order of the columns in the square arrange- 
ment, and that the order of the subscripts gives the order of 
the rows. Thus, |a@,0,¢;| means the determinant whose first 
column consists of @s, second column of 0’s, and third column 
of c’s, and that the subscript of each letter in the first row is 4, 
and in the second each letter has the subscript 2, and in the 
third each letter has the subscript s. 


Illustrations are: 


| tg Dy Cy| =| Ay Dg Ce |. 
Oly Dy Cy 
GOs Ca 


| Gy by Cs dy | = | ag b3 6333 (Gy Co D3) =| aC, dy]. 
Oy Oy Cy Oy Gy Co Dy 
As bs Cs ds GigiGa.Oe 


|, B,C dy | =| a, 


/ 
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The expansion of determinants of the second and third orders. 


12. Though we have already given the expansion of deter- 
minants of the second and third order several times, it will be 
useful here to compare these expansions with the square 
arrangement once more. Also, we are now prepared for a 
convenient mnemonic rule for the expansion of a determinant 
of the third order, to be given in 15. 


13. Since | a, 0, 


(ly Dy 


= d, by — dy by, it is obvious that the expan- 


sion of a determinant of the second order is obtained by taking 
the product of the elements of the principal diagonal and the 
product of the elements in the secondary diagonal, and sub- 
tracting the second product from the first. 


14. We have repeatedly shown that 


ay by ey | = | Oy by Cy — Cy by Cy + Cy by Cy. 
Oy Dy Co | ty Dy | ds Ds ts Ds 
Gs Ds Cs : 


From this it appears that a determinant of the third order can 
be decomposed into determinants of the second order, each 
multiplied by the elements in order of the last column, bégin- - 
ning with the last element. Since any column may be made 
the last, 9, the assertion just made amounts to saying that 
a determinant of the third order may be expressed in terms 
of determinants of the second order and the elements of any 
column. 

The reader will readily see how the determinant factors of 
the expansion in the present article are obtained from the 
original determinant. For example, the cofactor of c, is ob- 
tained by striking out the row and column in which ¢, is found, 
and regarding what is left as a determinant of the second order. 
Thus, on a é 
“Chg: “y= 
a, 0; G3 
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15. The following convenient rule for the complete expan- 
sion of a determinant of the third order is indicated in the 
accompanying diagram, and is described as follows : — 

The terms composed of ele- 
ments of the principal diagonal 
and of the minor diagonals 
parallel to it are positive, while 
those formed of elements in 
the secondary diagonal and the 
minor diagonals parallel to it 
are negative. The elements 
pierced by the double lines 
compose the positive terms. 
The elements pierced by the 
single lines similarly consti- 
tute the negative terms. In accordance with these directions, 
the expansion of 


| Ty Oly 11S Gy O56, Og D5Cy +H gD, Cy —= Gg bac, = Oy Dyes — Gy Oneer 
(by Dy Co ' 


| Ms Bs Cg 


This is identical with the expansion already obtained in 5, as 
it should be. 


EXAMPLES. 
1. Find the values of: 
Reese 25: 48.)3 ecb ls iat & 6 14 1a Gap 
ie 49 79 0 a la+b a 6b —cc 

il 
| 10 —6|; }7 1)5 [0 315 fe resigs 
b Shoes| tS 0 hae ho 1 
~ |@ 1 + 
| a 


2. Write in determinant form : 
7;9;16; —13; ay—ay; 8a— 7b; e— dd; a dgh — xy. 
oO 


(Suggestion: —7=3 x 2—(1 x —1) | : Ss ‘ Numberless 
other forms could, of course, be given for the same quantity.) 
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3. Without passing from the determinant notation, show 
what relation exists between 


Cty by 


and | }, a, : Also| 2 y| and |mn|. (9.) 
| My By by Gy | / mn ey 
4. Compare a b| and |a el. 
end, bd. 
Also compare (a 0|, |3a 36], and|3a 0'. 
bed Bee Se @| 


5. Write the expansion of the following determinants : 
(4555) 5 (4 Oe) 3 | Oe Or Cn |; | Gz Dy eg 13 (43 85 €1) 3 | be ey |. 


6. Find the values of : 


pick io eee |; 0 01: 0 0a); ew Peels lho be 
45 6 OS: 6 060 pec 10 506 bea 
17897; |059| |00c] |00b| |e Oa] lead 
7. Compare eS 0 c¢|and|a 0 0}. 
Oy F def 
g Ok ghk 
Also compare amb-c} and |a 6b ec}. 
d me f Ceo 
ig mh k Gueek 
Also compare ay by | and | a sy Gs |. 
Ay Dy Cy Dy Dy De 
As Dg Cs | Cy Cy Cg 


8. State the probable theorems exemplified by the results in 
Ex. 7. 


9. Find the value of w in the equations : 


(1) jz 2/=|8 4); @) | #-4 1/=0; 
Pero: 6. 6 3-2 
| @ 2 ste 

(8) |111/=0; (4) |aaaj=—|bdb x. 

1G @ 6 ae a bad 

650 2 hata a “2 bv 
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10. Find the complete expansion of 
a, b, ¢, a, | =| 4,0, ¢, do|- (6, equation (R), et seq.) 
a, .b6,"d, 
a, b,, Cn d,, 


C, b 0 Co a, 


= 


11. Write in determinant form, square notation : 


(1) bfg + etd + hek — hfd — ecg — bik. 
(2) My Ng73— My Ng Po My NgP_ — MeN 73+ Mz Nz T2— Msg"). 


(3) 8ayz — 2 — a — 2. 


12. Employ 9 to compare the following : 


abel|and|defi|;|mnojandjo n m|; 
def ghk fi) OF PO i 
ghk abe stu ut s 

mn o| and|)o mn). 

pq?r rpg 

Sota th ust 


13. Expand the following in terms of determinants of the 
second order and the elements of any column (14). Verify 
the results by making use of the rule in 15: 


ty Oy Cy | 5 | Lo Yo Me |3 | Gy Oy Cy |. 
(ty Dy Cy XY Mes ls Og Cs 
ds Ds C3 | | Xe Yg My | | Ag Dg Ce 


14. Count the inversions of order in 


(a) 1854267 
(b) 2861457 
(c) 6854172 
(d) 7896534 
(ec) 9876543 


CHAPTER II. 
GENERAL PROPERTIES OF DETERMINANTS. 
Notation and Definition. 


16. The investigations of the preceding chapter have revealed 
the fact that a determinant of the second, third, or fourth order 
is a function of 2°, 3°, or 4° quantities respectively, and have also 
established a uniform law of formation for these functions. In 
order therefore to investigate the properties of Determinants in 
general, we have but to consider a function of x? quantities 
whose law of formation is given in the following definition. 


17. Derrmition. — A Determinant is always a function of 7? 
quantities. These quantities, called elements, being arranged 
in the form of a square consisting of ” rows, and thus also of 
n columns, ” quantities in each row and in each column, the 
determinant of these ”? quantities is the sum of the terms 
formed as follows: * Each term is the product of 7 elements, 
so chosen that there is one element from each row and one 
from each column, — but two elements from the same row or 
column must never occur in any one term. The sign-factor of 
each term is (—1)’*%, in which ? is the number of inver- 
sions of ordery of the rows, and % is the number of inversions 
of order of the columns, from which the elements composing 
the term have been chosen. 

Note. — Each term being composed of 7 factors, the deter- 
minant is said to be of the nth order or degree. 


* 22 et sey. will show that the law of formation given in this definition 
is the same as that already observed in determinants of the 2d, 3d, and 
4th orders (3 to 6 inclusive). 

+ 5, footnote on inversions of order. 


18 THEORY OF DETERMINANTS. 


18. To expand |a b c| by the definition, we may select any 
def 


mn O 
row, as, for instance, the second row, and using each element * 
of that row in turn, according to the directions given, we shall 
form all the terms of the determinant. For the first term, then, 
taking d@ as the first element, we see that we can take } and 0 


abe 
-b-e-f- 
™m nN O 


for the other factors of a term, and no more, since we have 
then chosen one element from each row and one from each 
column, and no two elements are from the same row or column. 
We now have the term dbo. ‘To form another term containing 
d, we can evidently take m and ¢, giving the term dnc, which as 
before contains an element from each row and column, and no 
two elements are from the same row or column. No other 
terms containing d can be formed. The terms containing e are 
in the same way eao and mec; the diagram will sufficiently 
explain the manner of obtaining. these terms. 


abe 
d-e-f 
m ho 


The terms containing f are likewise naf and fbm. 


a b é 
-d--e-F- 
m Tt 0 


To fix the signs of these terms, we will write under each 
term the numbers giving the rows and the numbers giving the 


* There is a difference in the nomenclature. What we have called 
elements some authors call constituents, and an element is a term. 
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columns from which the elements have been taken, and opposite 
each series the number of inversions. Thus: 


dbo dnc eao mec nat fom 
Rows 213—1 231—2 213—1 3821—3- 312—2 213~1 
Columns 123—0 123—0 213—1 1283—0 213—1 321—8 


The sum of the inversions of order in rows and columns of the 
first term is unity; ..(—1)”’=—1, and dbo is negative. In 
dne the sum of inversions of order in rows and columns is 2.5 
“.(—1)?=1, and dane is positive. Similarly for the other 
terms. Affecting the terms with their proper signs, 


a 6 ¢|= —dbo+ dic + eao — mec — naf + fom. 
eL sy 
mn oO 
Scuotium. — This illustration is inserted only to give the 


reader a clear idea of the meaning of the definition, and not 
because we really employ the definition in the practical expan- 
sion of determinants. In fact, the great beauty of the deter- 
minant notation is that we are able to conduct most of our 
investigations with the help of determinants without requiring 
the expansions at all. In case it becomes necessary to expand 
a determinant, we have several excellent methods to be given 
later. One method for the expansion of a determinant of the 
third order has been given already (15). 


19. In accordance with the notation already exemplified in 
Chapter I., a determinant of the nth order is written 


(rein TON Ye l, | 
Gy 0g Cg -.. ly | 
Magn Ua oOg coc fa 
pag Dy Oot 4) 
This form is shortened to (a,b. ¢, ..-1,) Or |, boy ++ 1,,[, or to 


S + a,boc,...1,. In each of these shortened forms those ele- 
ments occur which occupy the principal diagonal* in the square 
arrangement. The form = + %¢... 1, is suggestive of the 
manner in which the function is formed. The 3+ stands for 
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the sum of all the terms that can be formed from the principal 
term by permuting the subscripts and prefixing the proper sign 
to each. (23.) 

Another and very convenient notation is obtained by employ- 
ing a single letter affected with two subscripts; the first sub- 
script giving the row, and the second subscript the column, in 
which the element occurs. Thus: 


| | 
yy yg Ay, «++ On 

| Cy, Chg Uo, «++ Coy, | 
F (31 Ago Ugg «++ Cg, | 


| 

| ae deatig prea 
This form may, like the first, be shortened to | dy dy ... Gn,|, 
(yz Gogg Chgg +++ Apin) » OF 3 =E Ay, Gog Mgg +--+ Ayn» It may also be still 
further abbreviated to | q,,|. A modification of this notation, 
with the two subscripts, consists in omitting the letter alto- 
gether, and writing the determinant thus : 

Git): (12) (18) sae or) 14o tence 
(2, 1) (252) (2.8) So a) aad, 22299 See is 
(3:1) (B52) B38) Bem) | 31°32 33... 8n 

| (m3 1) (nm, 2) (y3) «2. (1,9) | | 

or, finally, e Deene a 


| nin2n3 ... nn | 
ee Dr deeaete 
These last three forms are called the wnbral notation. 


20. The following corollaries flow from the definition in 17. 
They are obvious upon a moment’s reflection. 

Cor. I.—The principal term is always positive. 

Cor. I. —If each element of a row or of a column is zero, 
the determinant vanishes. 


General Properties. 


21. Turorem. — Jf in a series of integers which are all 
different, any two are interchanged, the others remaining undis- 
turbed, the number of inversions of order is thereby increased or 
diminished by an odd number. 
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Let the series of integers be Ae Bf C, in which A is used to 
denote the series ayx ... preceding e, B denotes the series ha ... 
between e and /, and C the series following /. 

In the first place, it is evident that if any two adjacent 
integers are interchanged, the number of inversions of order 
is thereby increased or diminished by unity. For let vm be 
any two adjacent integers in a series. If we write mv, we 
introduce one inversion of order if m>v. Or, if m<v, we 
have lost an inversion. Now, since this change cannot: affect 
the rest of the series, we have increased or diminished the total 
number of inversions in the series by unity. 

Again, in order to interchange e in Ae Bf C, with f separated 
from e by k, intervening elements, we may first interchange ¢ 
with the elements to the right in regular succession i + 1 times ; 
this brings e into the place at first occupied by f. Then, in 
order to transfer f to the place formerly occupied by e, we have 
to pass f over & elements to the left. Altogether, we have 
changed the number of inversions of order from odd to even, 
or from even to odd, 2/-+1 (an odd number) of times. Hence 
the proposition. 


22. THrorem. — The number of terms in a determinant of 
the nth order is 1+2-3-...n=n! 

The simplest way to form the terms of a determinant accord- 
ing to the definition, is to choose the elements from the columns 
in order; that is, the first element of a term from the first 
column, the second element from the second column, ete. 
Choosing the elements in this way, we may take the first ele- 
ment of a term from the jirst column and third row, say, the 
next element from the second column and any row except the 
third, the next element from the third column and any row 
except those already selected, and so on, until all the columns 
and rows have been drawn upon. The numbers of the rows 
from which the elements are chosen will constitute a permu- 
tation of the numbers 1, 2, 3,... , and it is obvious that 
we can therefore select the elements to form a term in as 
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many different ways as there are permutations of the first 1 
numbers, that is 7! There are accordingly 7! different terms. 


23. Cor. I.— The terms of a determinant | a,6,c¢, ... (, | 
may all be obtained by keeping the letters in alphabetical order 
(i.e., choosing the elements for each term from the columns in 
order), making all the possible permutations of the subscripts, 
and prefixing the sign + or — to each permutation, according 
as the number of inversions of order is even or odd. Since 
the expansion of a determinant in accordance with the definition 
would also be obtained by keeping the rows in order, and 
choosing the elements from the columns in all possible ways, 
all the terms of | a,c, ... J, | can be formed by permuting the 
letters, keeping the subscripts in order, and prefixing the sign 
+ or — to each permutation, according as the number of in- 
versions of the letters is even or odd. 


24. Cor. II.—Similarly, the terms of | a, | can be formed 
by making all the possible permutations of the first set of sub- 
scripts and keeping the second set in order; or the terms may 
be obtained by making all the possible permutations of the 
second set and leaving the first set in order. 


; 
Illustrations: To expand | a,c, |, we may write the permu- 
(ly Dy Cy 
Clg Ds Cg 
tations of the subscripts in a column, and indicate the number 
of inversions of order in each by a figure placed at the right ; 
or we may write the permutations of the letters in the same 
way. Thus: 


12 Base (0) BOP cos WO) 
pace? shy ah OO) om il 
3) Pe on OCGNC Raa 
Bd sag es OO 02 
PACE Flt race Th (aoe 
BIG scent CLUNGEo nS 


The two expansions are accordingly 
A Dy. Cz — A Dg Co + ig Dy Cy — Ag dy Cy + Ay bse, — My by Cs, 
Ay bgC3 — Ay Cy Bg — By ig Cg + 01 Cy hy + C1 Ag bs — Cbs A. 
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To expand | dy ds» 33] according to Cor. II, we have simply 
to write the elements for each term with one set of subscripts 
in order; thus, 


1 My Mgy Ay ly My, Gy Ay gy Cy Cla Mgy Oy My Mg, My Cy My } 
and then for every term, according as we choose from columns 


or rows in order, write one permutation of the numbers 1, 2, 3, 
before or after the subscripts already written, obtaining 


C41 Cog Aga, — Cy Ago Cox 4 Ag, Ag Cag — Cg, Ago Ag -F oy Ago Ag 
or 
(11 Clog 33, — qq Aig3 A39 — Ayy yy Ugg FF Ayo agg, $+ Ay3 gy Ugg — yg Uo Cbs). 


C1 A Ags 


25. THrorem. — In any determinant, if the rows in order 
are made the columns in order, the determinant is unchanged. 
The theorem is an obvious consequence of 23 arid 24. The 

following proof is based directly upon the definition. Consider 
the determinants A and A’, which differ only by making the 
rows of the one the columns of the other. Every term of A 
contains an element from each row and column of A; hence it 
contains an element from each column and row of A’, and is 
therefore, disregarding the sign, also a term of A’. Similarly, 
every term of A’ must be a term of A. We have now to show 
that the signs of corresponding terms are alike. Let the num- 
bers of the rows and columns for a term of A be 

a, y, 8; T, o, --- for the rows ; 

7, t, @, 8, m, ... for the columns. 
Then, by hypothesis, the numbers of the rows and columns of 
the corresponding term from A'will be 

ft, GS, M7, ... Lor the rows ; 

a, y; 8; T, 7, +». for the columns. 
The two terms obviously have the same sign. Hence the 
proposition. 


Tllustrations : 
Gy Aye Ayg Any | =| yy My, Ag, Ay | 3 | Hy 01 C1 Cy | =| Oy Ay ly Ay 
Cn, Cog og Ong Gyo gg Clgg Cag ip. On Cp On by by by by 
Ag, Ago Ags Aga Ayg Cog Ugg 4g Az bs C3 ds | Cy Cy Cy Cy 


| Cbgy gy Cag Cys | Cy Ang Aga Uy Ug Dg Cy Uy dy dy dy dy 
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26. Turoren. — In any determinant the number of positive 
terms equals the number of negative terms. 


By 23 all the terms of a determinant can be formed by keep- 
ing the letters in order, and making all the possible permuta- 
tions of the subscripts (or 24, case of the double subscripts, 
by keeping one set in order and permuting the other set). We 


RA ! 
have to show, therefore, that = permutations are even* and “ 
are odd.* Let # and y be the number of even and odd per- 
mutations respectively; then «+y=n! If we interchange 
any two subscripts in each of the # even permutations and in 
each of the y odd permutations, the even permutations become 
odd and thé odd even. Since by the interchange of two sub- 
scripts we could only reproduce permutations all different from 
each other, and already found in the original set of permuta- 


tions, it follows that «= y. 


27. THrorem. — Jf two parallel lines (rows or columns) of 
a determinant are interchanged, the sign of the determinant is 
changed, but its numerical value is unchanged. 

Let A be the given determinant and A’ the same determinant 
after the Ath and rth rows have been interchanged. Then 
—A=A’. 

Let T= + Ad, Bm,C be a term of A, in which A, B, and C 
denote the product of elements from all the rows and columns 
except the dth column and Ath row, and the mth column and 
rth row. ‘Then 7 (disregarding the sign) is also a term of A’, 
for it contains an element from each row and column of A’. 
Now 7, regarded as a term of A’, contains exactly the same 
inversions of the columns as it does when regarded as a term 
of A; but the number of inversions in 7, as to rows, when 
considered as a term of A’, is an odd number, more or less, 
than when considered as a term of A. For, in writing the 
numbers of the rows, to determine the inversions, we write 


* This language, of course, signifies permutations in which the number 
of inversions of order is even or odd respectively. 
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them just as we would for A, except that & and r+ will have 
changed places (d, being found in the rth row, and m, in the 
kth row of A’). Thus every term of A is found with the oppo- 
site sign in A’, ...—A=A'. By 25 the proposition must be 
equally true for an interchange of two columns. 


Illustrations : 


— | aby ey | = — [ay bees + ayde, + A301 Cy ay Oy, is 
Gs 05 Gy Cn0n Ge 
et Melati = Onli Uy De l= oe 
| As Dy es eR De Bh We Da By 
| @, b, & dy | = —| a, b,c, dy | =| ad, dy | = —| dy, by |. 
Gy Dg Cy As | Os (Dg Cain) | ds Dy Cy ds | Gg Us C3 dg | 
Az Ds Cz Us ORS OMe i hy Dy Cy dy | DI Ch agen 
| Gz by C, dy | M3 Dg C3 dz | | Ay Dy Cy Ay | | My Ay Cy Dy 


(4, ba¢3d,) = — (dy, C3 dy) = (dy bg 0, dy) = — (dy by egy) = (Ag Doe). 


28. Cor. —If two parallel lines of a determinant are iden- 
tical, the determinant vanishes, 

For, by the proposition, if the two identical rows or columns 
are interchanged, the sign of the determinant is changed. But 
the interchange of two identical lines cannot affect the deter- 
minant. ‘Therefore 

A= —A, 
DN Or N=), 

Ilustrations : 


abe |= aec+ dhe + abf — ace — dhe — abf=0. 


def. 
Gare | 
0, e, dy | =| a, ay, a, | = 0. 
Gy Bs Cy Oy |, By b, Oy 
(yg by Cg dy | Cy Cy Cy Cf 
Og Dye, dy | d, dy dy dy 
(y bo C2 Wy = ); | Cy b, by d,|=0. 


29. If in a series of integers, 


Sy a, d, €, 1, My .n, 
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the first is passed over all the others in succession to become the 
last, the others remaining undisturbed, thus, 
sds Crile Wants 

the numbers are said to have been cyclically interchanged. It 
is obvious that a cyclical permutation of given numbers 
can always be effected by n —1 interchanges of two adjacent 
numbers. Accordingly, a permutation containing an odd or 
even number of inversions still contains, after a cyclical inter- 
change, an odd or even number of inversions if » is odd; if n 
is even, however, a permutation containing an odd or even 
number of inversions will, after a cyclical interchange, contain 
an even or odd number of inversions respectively. 

From a given permutation of integers any other permuta- 
tion can be obtained by cyclical interchanges. Thus, from 

fadcegb 

we get cagfdbe 


as follows : — 


~ 


sfadegd 


afdeghb 
ragfdeb 


cagfdbe 


SS 


S 


The groups in which the cyclical interchanges take place are, 
of course, fadc, fa, fdeg, f, d, eb. 


30. The previous article (or 27) establishes the following 
theorem : 

Turorem. —If in a determinant A any row or column be 
passed over i rows or columns in succession, and the resulting 
determinant be denoted by A’, then 


A=(—1)*A. 
Illustrations : 
Ly Yr 2% by | =| Wy Ys 2g ts | =| ae ty Yg zy |= —| HY ey 
Xe Yo Ro ty Xy Yk, bY % Xo to Yx % 
Ug Ys Xs ty Wy Yo Xs by Hy ty Yo &o Uy by Ys Rs 
Uy Ys My ly Hs Yy My ly Wy by Ya My | Ws ty Ys % 


| 2 Yr Ve Ws | = —] Wy Yo Vg Wy |= —] Vy Wa Yq Wo [=] Ti Yo Ws Uy |. 
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EXAMPLES. 


1. The student who has not done the examples at the end 
of the first chapter may attend to them before proceeding to 
the following. 


2. What terms of | «bo ¢,d,| contain by dy? 
3. Write the terms of (ay. ws;2,t;) that contain fy, wy. 


4. Show that in a determinant of the nth order only two 


terms can have (7—2) elements in common, and that these 


terms have opposite signs. 

5. What is the sign-factor of the term containing the ele- 
ments in the secondary diagonal of a determinant of the nth 
order? (~))°"~! 

6. Show that the sign of a term is independent of the 
arrangement of the elements composing it. 


fd 


7. Show that the sign of a determinant is not changed by 
any interchanges of rows and columns that leave the same 
elements in the principal diagonal, whatever the final arrange- 
ment of the elements in this diagonal. 

Sug. If dgg dyy Gao +++ Max be the final arrangement sought, 
agg can be brought into the first place by 2(8— 1) interchanges 
of two rows and columns, etc. 

8. A corollary from 30 is: Any element @, can be trans. 

‘ferred to the first place by making the 7th row and kth column 
the first row and column, and then multiplying the determinant 


by (— 1)‘ phe 


31. THrorem. — If every element of any line (row or column) 
is multiplied by any number, the determinant 1s multiplied by 
that number. 

Since every term of the determinant contains one element, 
and only one, from the line mentioned in the theorem, the truth 
of the proposition is evident. 
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Tilustrations : 
AePe ice OM 
| ayr byr Cyr | = 7 | Gy Oy Cy | = | Oy Oyr CG | = 7" [ay Sa 
| Co bs Co | Cy by Co Cy bor Cy We 1” 
se Me ee ol = ll | 
| Ms Ds Cs | sz Dy ¢3| | Gy Dai" Cs by 
— by Cs, 
: 
ds 
— bs Cs 
2 | 58 | 2 3 | 
AS= | be a a*|; then abcA = | OHNO Whe seh? 8, 25 tN | 1@a | 
; es a 
ca b bP abe b? b* iI Fg 
ale Galo a aetcet. l1e¢ 


Let the student show that 


9 


bed a a? a®?|=|1 a? a at]. 
cda b b? be | No lis 
CODaCmCAIC | ee oe 
abe. d da | 


Ik Ce a el 


32. Cor. I. — Changing the signs of all the elements of any 
row or column changes the sign of the determinant; for it is 
equivalent to multiplying the determinant by — 1. 


33. Cor. I]. —If two rows or two columns differ only by a 
constant factor, the determinant vanishes. For we may divide 
each element by the constant factor, and write this factor as a 
multiplier before the determinant. Then the determinant van- 


ishes by 28. 
Illustrations : 
Oh th te ee dee ah pt). Le OF Ouele Lae 0 
ba a®t} baa 2106 De2eG 
esa, at? Cs sar 3 Ld 9)) 13 39 


34. Theorem. —TIf each element of any line* of a determinant 
is a binomial, the determinant equals the sum of two determinants ; 
the first of which is obtained from the given determinant by sub- 
stituting for the binomial elements the first terms of the binomials, 
and the second determinant is obtained from the given determi- 


* Since it has been shown (25) that what is true of the rows of a 
determinant holds for the columns, it will only be necessary hereafter to 
state a proposition with reference to either rows or columns. 
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had *. 


nant by substituting for the binomial elements the second terms of 
the binomials. 


By the definition every term of the determinant must contain 
one of the binomial elements. 


Let (m+n) bghk... 1 
be one of the terms of the given determinant; this may be 
written mbghk...lt+nbghk...l. 


Now the first term of this sum is a term of the original deter- 
minant, with m written for m+n, and the second term is a 
term of the original determinant, with n written for m+n. It 
is obvious that a similar statement applies to every term of the 
given determinant ; hence the proposition. 


Illustrations : 
d, + a, Dy, Cy =} Cy ‘a Cy oa ay D, Cy . 
(ly + ay dy Co ee by Co ag Dy Cy 
Ga Us C; de 0; Cs 


|d3 + a3 bs Cy 


1 | 


| %— Yi Wy, Vy 
| Vg — Yo My Ne! 
| %3— Yz Ms Nz) 


=|% mM, %\—|y, Mm, 14). 
Bo Mz Ny| |Yo Me No 
x Ms Ng| |Yg Mg Nz 


35. The preceding theorem is evidently capable of extension. 
The same reasoning applies to a determinant any line of which 
is composed of polynomial elements, or, again, in which each 
element of every line is a polynomial. That is to say: If each 
element of any row is a polynomial of q terms, each element of 
another row a polynomial of r terms, each element of another 
row a polynomial of s terms, etc., the given determinant is the 
sum of sXqxX7r... determinants. Thus: 
atb+e m—n tl=|a m—n t|+| 6 m—n t 
id+e—f o+tp u| |d o+p wu e.o+tp u 
ig—-h+k q-r v g q-7r v —-h q-7r v 
+4 ¢ m—n t\=|a m t\+\a—n ¢ fel Olt 
—f o+p ul |do wl jd p wu | @o u 

k q—r v| |g gq vj |g—r v| I-h gq v 
+) b—n tl+| em t\|+| c—n t}. 

ep uh if 0 ul -\—f pu 
—h—-r v fe Gere k—r v 
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36. Reciprocally, Jf q determinants differ from each other 
only in a single line, the sum of these determinants is a single 
determinant, derived from any of the given determinants by sub- 
stituting for the elements of the line which is different im each 
of the q determinants, the sum of the corresponding elements of 
the q determinants. 


Tilustrations : 


labeitl|abe|+imno|=| a b c i 
Oe = NER ay | abe | d+twe—m ety—n feo) 
ghk|- |ghR|~ | g bk] g h ke | 
The student may show that 

ORO Oy HO —— | Cn On. Oh Osa 

tis Oy (a @ Gyb5—c, 0 

O- Gs bs “ce Gg 03 Cy Os 

Qin, Wh Gy Oy Cy Oy 


37. THrorem. — A determinant remains unchanged if the 
elements of any line be increased or diminished by equal multiples 
of the corresponding elements of any parallel line. 


We are to show that 


| dy b, Cy dh wee lh = Cy by CE G1 OE Gob) E... EL dy eee i 
| ae Oy Gy Ch sac & Og Dy CoP) On SEQa0s dew desk te Gg erate 
| Ce bs Co dl, see Ik Cs bs Cee Gi Cee Oneeeeciats dl, cee Te 


| 
BE Os KOR OMe ie | Gee Og, Cpe Ga Gy QeBs, Se wee a5 d, a = 


Calling the first determinant A, and the second A’, we have, 35, 


Al= Cy by Cy dy eee iy (Se hy Cy by Cy dy eae l, 
(by Oy Ch Ch c00 Us Gb le, Gly Cy con Uh 
ah NOIR C0 Proc. ( | Oy, Gh Cle smo fe 

32 Oh! Gi Oy Wy Ch aso th SE Sey Oia prea 
hs Oy, Oy Gly sax Uy Gy bg lp dy... b 
Cy, by, b, d,, iM b, Cy, b, L, dl, Lahde ly 


Whence, since all the determinants of this series, except the 
first, vanish, A = A’. 
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This theorem is of great importance in simplifying and ex- 
panding determinants. Thus: 


Iaso--e¢|=|1 a a-- be =(a+b+c))lal|=0. 
1 bBc+a 1b a+bd+e ik aye 
I é a+b 1 ca+b+e Niel 


a a+3 Beat iowa: 3(a+4) 3(a+7) 
}a+1 a+4a+7 a+l1 a+4 a+7 
|a+2 a+5 es) a+?2 a+éd a+8 
The second determinant is obtained-by adding the second 

and third rows to the first row. 


— ie te a —1lii1l 022 (/=—8/011/=—16. 
1-1 1 0022 202 10s 
pe ee 0202 220 ieteC 
ii be) 022.6) 


The second determinant is obtained by adding the first row to 
each of the others. 

The third determinant is obtained from the second by ob- 
serving that as all the elements, except one, of the first column 
of that determinant are zeros, all the terms vanish that do not 
contain (—1). 


were -Li=si.7 11 4 i338 iB 1s =10 =n 10| 
13 15 10 13 15 10| 15.94 16 24 16) 
bae.9..8 Peter yyaiy. < oy 


=30 (16 —24) = — 240. 
The third determinant is obtained from the second by subtract- 
ing three times the first column from the second column, and 
twice the first column from the third. 


Minor Determinants. 


38. If in a determinant any number of rows and the same 
number of columns are suppressed, the determinant consisting 
of the remaining elements (their relative positions being undis- 
turbed) is called a minor of the given determinant. 

If one row and one column are suppressed, the result is a 
principal minor, or a first minor; if two rows and two columns 
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have been suppressed, a second minor; andsoon. The elements 
common to the suppressed rows and columns also form a deter- 
minant called the complementary of the minor, formed from the 
rows and columns that were left undisturbed in the original 
determinant. 
Thus, | a, 0, Cy Op 
dg Os Cy Ay 
| dy bp cs dy |; also | a, 0.| and |e, d,|, or b, and |a,csd,|, are 
complementary minors of | a,b. ¢;d,|. | ¢, d;| and | a,b, e,| are 
complementary minors of |a,},c;d,e;|. In general, if the 
determinant is of the nth order, two complementary minors will 
be of the rth and (n —r)th orders respectively. A determinant 


of the nth order has x? first minors, Cage EP 
(2!) 
etc. 

Since we usually denote a determinant by A, it is convenient 
to denote the minor obtained by suppressing the row and 
column of a; by Ag,; that obtained by suppressing the row 
and column of d, by Agq,, ete. 

Similarly, a second minor, obtained by suppressing the rows 
and columns of b, and ¢,, is denoted by Ad, c,; and so on. 


Equally efficient notations are: D 2 and D Se : for the 

? # 

minor obtained by suppressing the /th row and mth column, 
‘and the minor obtained by suppressing the /th, nth, and ¢th 


rows, the mth, rth, and /ith columns respectively of | q,,|. 


and are complementary minors of 


second minors, 


39. Since, by definition, every term of a determinant con- 
tains one, and only one element from any line, the determinant 
must be a linear homogenous function of the elements of any 
one row or column. Thus: : 


| @y by cg... 1, | = Ay + G2 Ay + a, A, +--- +a, A, 
=4A,4+0B+404++-+1, 0, 
Cy C aa Cy C, ala Cy C; ae eee SF Cr, C.. 


5 


in which A,, 4,...A,; C, O)...0,,; etc., denote functions of the 
elements found in the rows and cctumns outside of the particu. 


I 
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lar line, in terms of which the development is given. In the 
next article we shall find the values of these functions. Since 
we may regard the determinant as a function of n? independent 
quantities, each of the coefficients A), Ay, ..., may be obtained 
by differentiating |, }.c;...1,,| with reference to the quantity 
whose coefficient is desired. Introducing this concept, the 
equations above written become respectively 


| dy by¢3...0,|= go +a = £a,o5 ne Sa a 


dd, A day day da,, 

dA dA dA dA 

SS ie ee ee eo ea eee 
yee S db, = de, pee et dl, 

= ao Eph dA dA da 


This notation is often employed. 


40. THrorem. — The coefficient of any element in the expan- 
sion of a determinant is the first minor obtained by suppressing 
the row and column to which the element belongs. This minor 
is taken with the + sign, if the sum of the row and column 
numbers, to which the element belongs, is even; with the — sign, 
if this sum is odd. 

Consider the determinant A=>+a,0,¢,...1,, and suppose 
A to be written, 

A =a, A, + Ay + 43Ag+ +--+ +4, A,,. (1) 

We can collect all the terms of A that contain a, and write 
this element as a factor of the polynomial that results; we can 
do the same for as, @,, and so on, for each element of the first 
column. These polynomials are A), A,, A;, etc. Now since 
A, is the cofactor of a, it can contain no elements from 
the first row or column; hence aA, can be obtained from 
Y+a,b)¢,...1, by considering @, as fixed, and making all the 
possible permutations of the subscripts of the remaining letters, 
i.e., by multiplying a, by & + 0» Cy +++ dn 

Hence, A,=Ag,, the minor obtained by suppressing the first 
row and first column of A. 
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Now, we can bring a, into the first place by one interchange 
of rows: we then have A=—X +a), ¢,...1,. Employing the 
same reasoning as before, A, must be obtained by multiplying 
a by —Stb,¢,...1,; whence A,=—Ag,. Again, a, can be 
brought into the first place by two interchanges of two rows ; 
whence A,=Ag,, and so on. Finally, a, can be brought into 
the first place by »—1 interchanges of two rows; hence, as 
before, A, = (— 1)”~"Aa,. 

Substituting these values of A,, Ay, ete., in (1), 

A = a) Ag, — d2Aq, + dg Aa, — +> + (—1)" "1, ane 

Since the columns may be made rows, it is evident that 

A =a, Ag, — 0, Ao, + Ac, — +> + (—1)" 74 Az, 

It remains to be shown that the proposition holds for an ele- 
ment. not in the first row or column, that is, Ay =(—1)**Aag, 
for the coefficient of the element in the ith row and kth column. 
We may transfer the ith row to the first place by i—1 inter- 
changes of two rows, and the kth column may likewise be made 
the first by  —1 interchanges of two columns. The element 
under consideration is now in the first place. Calling the trans- 
formed determinant A’, we have 

A= (—1)"**a!, or A= (—1)***aAl. 
Whence Ay, = (—1)*** Ag,,. 

41. Cor. I.—A determinant can be developed in terms of 
the elements of any line and their principal minors. The signs 
are alternately + and —; and the first term is + or —, accord- 
ing as the number of the line is odd or even. 


Illustrations : 
Ay Dy & Gh|= ay| dy Cy Ay|— dy] b, c Ay|+ as] b, c, dy |— ay] b,c a, 
Qa 05 Cy Ae b31Ca ds Dx Cs Os by Gy ds by Cy Ay 
dl By Cy dy bey bp evan lepers Dy Cy dy 
Qs Ds Cy Oy 


= — di] dy Cy dy | +02] cy Cy dy|—~bs|ay Cc dy |, | ay ¢ ds| 
= C| dy bs ds |—¢y | ay bs dy| +e], by dy |—¢, |q by d;| 
= — M4| By Cy ds [+04] ay Ce ds |—¢,|a, by ds |+4,| a, be ¢5| 


| 
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42. 41 obviously gives a ready way of expanding any deter- 
minant.* For we may express the given determinant in terms 
of the elements of any line and their principal minors; these 
minors will be determinants of the (n—1)th order. By a 
second application of 41, each of the minors in the first expan- 
sion may be expressed in terms of the elements of any line and 
their principal minors, which minors will be of the (n—2)th 
order. So by successive application of 41, any determinant 
may be expressed in terms of determinants of the second order ; 
and these latter, being binomials, can be at once written out. 
Thus : 


12 3{=1/3 4)/—2/2 3/43)2 3| 
ooo oe 4 Paes oe ee 13 4| 
eee 


| ty By Cy dg | t = Cy | Dy C3 Uy| — Go| Dy C3 dy| + Ag| Dy Cp ,| — Ay] Dy Co s| 
Cy 4| +04) Cods| | —Aa[D1|¢3 | —D3| dy] +04) Gy ds] ] 
dg [Dy | Co dy| — Dp] ¢, d| +04], Go| ] —Ag[ 0, |¢od5| —Bo| c, ds| +05| cr do] ] 


= hy by 6g, — Ay by Cyd, — Ab; 0d, + A D3 4d, + Gy D4 Cady — Oh by C5 dy 


=, [b,| c,d,| — Ds 


— Gy dy C3, + dy b, Cyd, + 

+ Cs by Cg dy, = 30; Cs dy = 

— yd, Cody + Gb, 6d + Uy body — Ugd2 630, — Agbg¢ dy + A403 C9d, 
43. As another corollary from 40, it is evident that if all 

the elements of any row of a determinant except one are 

zeros, the determinant equals this element into its corresponding 


minor, taken with the proper sign. Thus, if the element is in 
the ith row and kth column, 7.¢., a, then A=(—1)* ay, Aa, 


Illustrations : 
v6 439 )/=—21643 =—2| 0—2 = 3 [=21—2 Be 
2000 144 aoe ee ee 0 
ole aL al es em 
eel ord 


* Compare 15. — + Compare 6. 
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The student may establish the following : 


| ay 0, & d, | = a be cg dy. 0 0 0 d, | =, b3¢,d). 
0 By Cy de | 00 gd} 
0.0) ¢; ds 0 bs ¢3 ds | 
000 d, ly Oy Coody | 


44. From the last two examples it appears that 7f all the 
elements on one side of either diagonal are zeros, the determinant 
reduces to a single term, viz., the term composed of the elements 
in the diagonal which contains no zero elements. 


EXAMPLES. 


|3 1 5 2| 
1. Show that the following determinant vanishes : ‘ : : 3] 
2 De eel ae 615219) 
—4-3 8 23 8) 
6 5-9 ay at ae) 
3. Show that|a B y|_ 1 1 1 ee 
a! B y' a ase a! By B' ya y’ af 
al! jon! yl By al By B"'ya y"'aB 


This can be readily established by multiplying the columns 
by By, yo, a8, respectively, and then dividing the first row by 
aBy. A similar reduction can be effected, in general, whenever it 
is desired to reduce a determinant to one in which the elements 
of one line are units. 


4. Find the expansion of A= 


42510). 
USS Gars 
7305 
025 8 


We notice that 20 is the L.C.M. of the elements in the first 
row; hence, multiplying the columns in order by 5, 10, 4, 2, 
there results ; : 
es 1 20 20 20 20 ek 

5-10-4-2| 5 10 24 6 
ayo) ese) WO) kG i 
P2082 086 0 


Lael 
10 24 
6 0 
Do) 


Hm DOD 
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Now, subtracting four times the first row from the fourth 
row, two times the first row from the third row, and six times 
the first row from the second row, the last determinant becomes 


eae ees Deed 1S es | 71-14 18 
—-14 180 | 5 4-2 —3 6 —2 
ee @ dt 1) Ce ee 
—4 1 1 0) 
=—6| 71 —7 |= —6| 64 —7 |= — 384. 
i EO! | 
Poe pty yds <1 | 1 1 1 F 
By by bs| Ay Un As | Aly Q30, MAb, Ay Aad, |” 
CG tits | Qa Gg, My Agly My My Cs 
also OP ie ths = 0 a 1 
by by bs | it dg be Cy Ay bs Cy | 
CC Cg} | 1 agbiey a,b, cs | 
6. |=(B—y) (y—4) (¢—8). 


and a — y must be factors of A. Now the product of the three 
differences is a function of the third degree in a, 8, y; so is A; 
hence the product of the three differences can differ from A only 
by a constant factor. Comparing the term fy’ (the principal 
term), we see the factor mentioned is + 1. 


7. Show that 
1 1 1 1|=—(B—y)(a—8)(y—a)(B—8)(a—B) (7-9). 


a 
2 Ves & 


7 
| a? B* y 3 | 
Notice that Examples 6 and 7 give in determinant form the 
product of the differences of the roots of an equation whose 


roots are a, B, y; --- 


e 


8. Expand |8.7 2 20); also|.1 « —f|. 
a1°4 7 —a 1 y 
Soo Ling) B-y 1 
810 6 


* Compare example 3, 


58 


Expand the first determinant in terms of the elements of the 
third row and their principal minors, since two of these elements 
are zero; then observe that two elements in a row of each of 
the resulting determinants are unity; hence, each determinant 
can be readily reduced to one of the next lower order by 35 


and 42. 
We 
Cam Ge 
| 8 ah Oar 
ld e f 0| 
10. Expand-|—_-a@ 6 ¢ d/Jj3 also 


11. Establish the following identity, and express either 


THEORY OF DETERMINANTS. 


ian Gh 
C Wh Ser 
Glee RO ) St 


1 a. Bp 
—a aif y’ — 
i aoe oc 
ef aga oe 


determinant as the product of four linear factors : 


12. 


14. 


PO ae Ie ieee Oana aioe 
BU er ah eOzy 
rd Yy 2.0% 
1 oa? 0 2ey ue 0 


Simplify th+h awqth+th, a,+hy +h, 


Show that} a y+z+t w#+y 
y 2+t-+e ytz2 
; Bo oes ah Sei 
t wty+2 t+24 
Express as a single determinant : 
(1). | a bg €5 | +] tg by 5 | —| tg Bg C5]. 


Bythgth, bothet+h, bythe thy 
GQthy+thy Cothst+kh, Cs+hsy+hs 
il 1 1 


C6 Oe 
ttea 
e+ y 
y+2 


(2) | a by 5 | —| ato bg cs | — | ay bg cy] +] a Bo ¢;] - 


U+Ug+M3 A+ Ug+d, AgtAyta, G+a+d. 
Dt+b +b, by+b,+b, dstds+d, Dy+b,+)5 
Qt Cotes Cot est ey Cotte ++ ey 
dh+ds+ds dy+d,+d, ds+dy+d, dy+d,+d, 


= 3 | aboegdl, |. 


Ie peat Doe | =V7?+PC+ Cf? — 2 beef — 2cafd — 2 abde. 


a ell eel eel 
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16. 1 w bsin A csin A 
sin?A | Osin A 1 cos A 
csinA cos.A 1 


= a°— (P?+—2 he cos A). 


17. |a+b+ne (n—1)a (n—1)b |=n(a+b+e)°. 
(n—1l)e b+e+na  (n—1)d | ; 
(n—1)e (n—1l)a c+tatnb | 


18. | (a+b)° oe e |= 2abe(a+b+c)'. 
a (b+c)° a 4 
is i? (eta)? 


19. What is the coefficient of a, in | a; |? 


20. From the first five rows of | a by c,d,e; f; g;hs| write all 
the possible minors that can be formed, and their complemen- 
taries. 

How many minors, each a determinant of the kth a can 
be formed from any & rows of | ,,| ? 


21. If each of the elements of any line is the sum of the cor- 
responding elements of two or more parallel lines, multiplied 
respectively by constant factors, the determinant vanishes. 


22. Show that 


oot, Gq i=(1°0 0 0 =) a be. Hl=| a bh Gey % |. 
Gy Dy Co 12 i OT Cy | Ay Dg Cy Yo Oy Op 6p te v9 | 
dz dy Ce | Wz Dy Cy | | Mz dg Cy Ys Og Dy Cy Uy Us | 
pide yc.) (4 0 OT OPO Om iene 

O20 OHO GI 


From this example it appears that any determinant may be 
expressed as a determinant of higher order by writing a zero 
above every column, prefixing a 1 to the row of zeros thus formed, 
and filling in the new column having 1 at the top with any n 
finite quantities. 

23. If in any determinant each element of the first row is 
unity, and if each element of every other row is the sum of the 
elements above and to the left of it in the preceding row, 
commencing with the element directly above, the determinant 
equals 1. 


40 THEORY OF DETERMINANTS. 


24. Any determinant of order 7, in which one element is 
zero, is equal to the product of two factors, one of which is a 
determinant of the nth order, in which every other element of 
the row and column containing the zero is unity. 


25. If in any determinant the first element is zero, and if 
each of the remaining elements in the first row and first column 
is unity, the determinant is unchanged when each element of 
the minor corresponding to the zero element is increased or 
diminished by the same quantity. 


26. A determinant of the nth order is expressible as the 
sum of n determinants, the first of which is obtained by chang- 
ing into zero each element of any line except the first element, 
the second by changing into zero the elements of the same line 
except the second element, and so on. 


27. If in two determinants A, A! of the nth order, the first 
row of A is the last row of A’, the second row of A the (n—1)th 
row of A’, the third row of A the (n—2)th row of A’, and so 


. a(n 1) 
on; then Rees yee AL 


28. If in two determinants A, A!‘ of the nth order, the first 
row of A when reversed is the last row of A’, the second row 
of A when reversed is the (»—1)th row of A’, the third row of 
A when reversed is the (n—2)th row of A’, ete.; then A= A’. 


45. THeorem. — If the elements of any line in a determinant 
are respectively multiplied by the complementary minors taken 
alternately plus and minus (7.e., the co-factors) of the correspond- 
ing elements of any parallel line, the sum of the products is zero. 


Consider the two determinants, 


A= | ab) ¢ ... 6 | and) A" Se) ay Ope ae te 
OL INODS Co Ga IES i ee eae 
eee eee wee eee wee! eee eee tee eee eee 
CURSOS mace! OR NORE i (| 
My ‘ape ec ec | ONO, oe oll 
eee eee eee ee oe | eee eee wee eee ee 
Ws, Oa eee mals DD, Garant, 
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where A’ differs from A only in having the kth and pth rows 
identical. Employing the notation of 39, and expanding in 
terms of the elements of the pth row, 

A=a,A,+b,B,+¢,0, ++ +1,L,; 

A'= 4A, +0,B,+6C0,+ + +1,L,=0. 
Comparing these two expansions, we observe that the second 
may be obtained from the first by substituting for the elements 
of the pth row of A the elements of the kth row; that is to 
say, if the elements of the kth row of A are multiplied by the 
co-factors of the corresponding elements of the pth row, the 
result is A’; since A'=0, the proposition is established. 


Illustrations : 

Tf in (a b5¢3) = a, (bo¢3) — dy (01 C3) + ds (0, ¢2) we multiply 
the elements of the second column respectively by the com- 
plementary minors of @&, ds, 43, there results 

Dy (Byes — bso) — By (by C3 — Bg Cy) + Bs (By C2 — Boe) = 0. 

Let the student prove the proposition, using a determinant 

of the fourth order. 


46. A determinant is said to be zero-aavial if each element of 
the principal diagonal is zero. Thus the following are zero- 
axial determinants : 

10 Bb | |5 |9 bg ay |. 

| (ly Q Cy | ap) 0 1) dy 

lay b, 0 dz b, O ds 
a, by ¢, 0 


47. Turorem. — Any determinant may be decomposed into a 
sum of zero-axial determinants: the first of these is obtained by 
substituting zero for each element of the principal diagonal of the 
given determinant ; the next n, by multiplying each element of 
the principal diagonal by its complementary minor made zero- 


axial; the neat 5 (M—1)s by multiplying each product of pairs 


of elements of the principal diagonal by its complementary minor 
made zero-axtal, and so on. 
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In A” = |a,b,¢; ... 1,| change the elements of the principal 
diagonal into zeros, and let Ai” denote the resulting determi- 
nant. Whence, 


Doe cal Oe Ae aes hh | 
Niles) tGpyeactr ail 
Chg Die eee 
| 
| a ReOe cen Oe | 


nN um ~n 


(n—1) (n) 


Let A, denote the minor of A, obtained by suppressing 
any one row of A\”; A\”” denote the minor obtained by sup- 
pressing any two rows of A and, in general, let AM se denote 
the minor obtained by suppressing any 7 rows of Ao a EAle 
let C,. denote any product of the elements of the principal 
diagonal of A” taken 2 and 2; C, any product of those elements 
taken 3 and 3; and, in general, OC; any product of the elements 
of the principal diagonal of A” taken i and i. Now, Aj” 
evidently contains all those terms of A” which involve no 
element from the principal diagonal. C,A;""” must be one of 
those terms of the series which involve only a single element 
from the principal diagonal of A”; consequently SC,Aj"” 
will be the sum of all the terms that contain only one element 
from the principal diagonal of A”. Similarly, 30, A)" will 
be the sum of all the terms that contain only two of those 
elements. And, in general, >C; A\"~” will be the sum of all 
the terms containing 7 elements of the principal diagonal of 
A™, Whence, 


AM — paaltet 3 0, Aaoek 3 OC; Ave oa 3 rane Vas io mop: ¢ 30,ae~ 
His + SO 2A, +0, 


It is to be noticed that Ae = 0; v.e., there is a break in the 
series, — there being no term containing only n—1 of the 
elements in the principal diagonal. 


Illustration : 
mY 4)=|9 yal +a|0 2/+y,/0 24/+2,|0 Yr | +2 Yo2y. 
5 Yo Zo t O25 Ys O |-@, O %, 0 
Us Ys &3 Xs, Ys 0 
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48. Turorem. — [f each consecutive pair of elements in the Jjirst 
row of a determinant A is taken with each pair of corresponding 
elements of the other consecutive rows to form determinants of 
the second degree, and if these determinants of the second degree 
are used in order as the elements of a new determinant A', then 
A equals A' divided by the product of all the elements except the 
Jirst and last in the first row of A. 
We are to show that 


a Dy) lye Ty Mnees 
(by bh, | by Co Is if | 
| Cy b, Cy ry ty | i A age ne ae ie 
Aly Dy ey ry ly a ee a hae Pet 1Oure BAe 
gn On aGe eet dz Ds! | Dg ey 3 ly | 
GeO € ol, 
| nm “a “nH n “n | ly Dy by Cy ry | 
an, d, | b,, Cn | Urs by | iy 


calling the first determinant A, and the second A’. Multiplying 
the first column of A by —6,, and the second column by a, 
and adding, there results 
—b,A=| 0 d, Cy eee Ty ik | 
ln le tO, 0g 09. Ag naa Te 
(= gb) + yb; db, Cy... Tz Ty | 
rit Oe Oy Ge aoe Poe | 
Now, multiplying the second column by —¢,, and the third 
column by },, and adding, we have 
by Cy A = . 0 0 eC) / 
— gb; tab, —byeg tbc, %...% by 
— d+ ab, —dbe +b ey 6, ls 
— Ay, b+ 0, =O, Cy a6 db, Cy Cy vee Vn leg 
Proceeding in a similar manner, we have, after (n—1) 
transformations, 


| 
| 
| 


(=1)" bed, QA 
= 0 0 ‘oe 0 a 
gh, abs — Dye, +O, Cy. — Gd +Gdy-..—Mmh+i & 
— dsb +b, —byy +g —Gd+ads...—%h+%ls Js 


\ 
eee ame see 


ee « ann see | 
a On d, ae Oy b, car db, + bye, —€, d+ ed, Cen yy L, ae ry ly l, | 
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Now, applying 43, and dividing by (—1)”1h od, ... hy, 
we have 
jess | | ay by | | by Cy | eee lr (f | | ee DiGiGimwes TY 
| fay by| |B: ¢| .-- | & | 


eee 


Keepy an CREO ecg! Urea | 


{ 
which establishes the proposition. 

49. Since by the preceding proposition any determinant of © 
the nth order may be reduced to one of the (7—1)th order, we 
have another means of simplifying any given determinant. 
The proposition is especially advantageous in the reduction of 
determinants whose elements are given numbers. Thus :« 


A=|1234)_1]-4 —4 8/=—4|-1 -1 21 
S20 a gh ele f tees 
1345 Le eG SSG I 1 - 
5432 
29 ee ees 

Oiraa8 


Here we can mentally reduce the determinants of the second 
order obtained by combining the first pair of elements of the 
first row with the corresponding elements of the other rows, 
and obtain the elements of the first column of the new deter- 
minant, thus: +x 2—38x2=—-4; 1x3—1x2=1; 1x4 


—5x2=—6. For the elements of the second column we 
have similarly: 2x1—2x8=—4; 2x4—8x8=—1; 
2x38—4x38=—6; and so on. 
Let the student apply the proposition to show that 
r 1 1 1 j=aey2; also |10" 45 17 Siena: 
1i+e 1 1 4 tux 0, tae 
1 Pao ey 3 —1 8 1 
beer MP iy at 2 7 5 20 47 


Also apply the proposition to show that 
0 11-0 p= 2188: 
Sly eo 

Teedaes, 

LoD= 6 


3 
8 
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MISCELLANEOUS EXAMPLES. 


1. Find the value of 


a eee eee sa SOcOL lee 29 14, 1 7 = 90. 10 
—47e ao 2-1 2 to =4 7 tf —2 15 


Flas 6. 2 103595 be — 9 8 
ip Ly eel a eee, ie wae Soe) Sen ll (6 
i —o— a Lb —A—3 | Hl ey BP oe ‘ao 
2) he pesal 2 3) 2455 6 3 oe 


2. Expand the following: 


Cm Bema es 1G Oo <Q ciara O 
le se ne ara per ces ee ( 
per OT OO a, | 
| 0 ; 


0 O-—1 0 Dine Ae 20) 05 —0; en) 
ies Be ie, Ow 0 Oh bas 
meu .) 8-0 —_ Ao G40 - Cle’) —b, 
3. Show that 
1000 awthy+gz\=|100 aat+hy+gz+l 
0100 he+ by + fz 010 he+by+ fe+m 
0010 gxe+ fy +cz 00 l-gx+ fy + cz+n 
0001 le+my + nz GAf k 
se pared § k 


4. Write the complementaries of the following minors of 


eo Fs |3 | € ds |; | by es | 5 | dy es fal 


| Gy By Co dy Cy Fs[: | Co Ge |5 


5. What are the complementaries of 


|@y9 Mgs{ and | dy, Gs sg], im |p, Gy Mes gy Ms Ose |? 


6. Show that 


1 1 1 (ete tiew 4 
Oe eee i ee ite Te ee aig 
ete Clay 2s 


b+1 b+a 0 b+e 


0 
1 
1 a+ 0 a+b ate 
al 
Isc <ceha ~ 62-0 i) 
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7. Prove that 


iy (Oks hy (Ob o55 aR, | 1 | la, &,| | a 63| (a, &|-.- a, 8, 
AG DO aoe 0 


| Cy Cy Cz Cy ae Ce 


Gi dp ds di. Gd; 


| 
hy {ty iGo)! dy ehh, a Cale eae 
@, dy| | ay ds|_ | a, d,|...| a a, 


1 defen eae ele 


| Veejadg | Gy tet A) bel <. e, 


8. Employing the notation 
n\ _n(n—1)(n—2) ... (n—7r+1) 


Tr ys 


TE ee) or) <0) 

a ee ce ode meee 

; ee Che *) Gar: nae | 
( 


‘ bay (o43y4) ctr) L(t 
Z —1 z —1 
Observe that eo = \= fee ): 


The. Product of Two Determinants. 


a aie te ae pre” |=1. 
2 


50. If we note a determinant by A’, and another by ZL, their 
product P is evidently expressed by 
oa. 
| 0 L 
The form of this product suggests the probability that the 
product of two determinants may be expressed by writing the 
factors as complementary minors of a determinant of higher 
order, and filling in the vacant places due to one or both of 
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the factors with zeros. Suppose, for example, that A is of the 
third order, and Z of the second; then P would take the form: 


ee Oy Ore 
| As by Co a 
| ds bs Cg 
| ) ay Py 
| as Bs 


We now wish to discover if, when we fill in the vacant places 
due to A or Z with zeros, and thus make P a determinant of 
the fifth order, P will still be the product of and LZ. That 
this is the fact will be shown in the next article. 


51. THrorem. — The product of two determinants, K and L, 
of degree m and n, respectively, is a determinant P, of degree 
m+n, in which K and L are complementary minors, so situated 
that the principal diagonal of P is made up of the elements in 
order of the principal diagonals of K and L ; the vacant places 
in P, due to either K or L, are filled with zeros, and any mn 
Jinite elements occupy the remaining places. 


We have to show, for example, that 


KxL= Cy by Cy By Be = Cy b, C; | 0 = Pp. 
Az by Cy Bs ¥s My Dy Cy 0 
Ag b, Ce . : ag Bs Y6 Cs bs C3 0 
Os Cs 4 V4 
As Os C5 5 V5 
dg De Cs i aie Ye (1) 


Developing P in terms of the elements of the fourth column 
and their complementary minors, we have 


JE iin Ay by Cy 0 0 — a5} Gy Db, ¢ O 0 + ag Cy by Cy 0 0 5 


dz Oy ¢, 0 0 Ay by & 0 0 Oy by G 0 O 
Gs Dn t-0 0 ds bs €30 O ds b, cg 0 O 
ds bs Cs Bs ¥s ly Dy Cy Bs Ys ty Dy Cy Ba Ys 
as bg C6 Bo Ye ag be Co Bo Yo \a, bs Cs Bs ¥s 


or 12 = a4 Aa, — a; Aa, -{- og Ag, . (2) 
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But A, = B; Cy by Cy 0 — Be | Cy b; Cy 0 


Oy (Oy Cy 0 he 05165 0 
i; 0; Cs 0 Gixetby, (Ox 10) 
as Dg C6 Y6 | Us O35 C5 Ys 
= Bsye| 1 Oe ¢3|— Bs ys| ty Oo C3| = K | Bs ys |- 
Bs Yo 
‘In the same manner, we may show that 

A= K | 8 4,|\5 also AL = Be bo: : 

Bs Yo Bs Ys | 


- bstituting these values in (2), we have 
P=K } a4| Bs y6|—45| 8s Yo|+46| Pays|§ = A x L, 
since the second factor is obviously LZ, expanded in terms of 
the elements of the first column. 

The method of proof here given is perfectly general, and is 
applicable to determinants of any order. Thus, if in (1) we 
make yy=ys=90, and y,=1, P takes the form considered 
in 50. The student can readily make the application. 

As another exercise, the student may show that 

A=|m0¢4d0 ff 


iy OO FGz Og Danze 
5 OSE OG ie 


I 


—| a fo Cs dy | x |e; Dg Gz» 


( 

Os 
0D, I 
0- 6, OO e, 0 g;| 


a 
= 
=) 
® 

o 
= 
© 
S 

= 


What difference would it make in the result if the zeros in 
the fifth, sixth, and seventh rows of A were replaced by any 
finite elements? 


$2. Writing the product of | a, dy ¢; 
ance with 51, 


and | 2 Y223|, in accord- 


a. by G—1.- 05 0 =P : 
My 0; O—1 0 
Go Opn Cae 0! MOL——al 
Ue ee 
O° O08 Fas ot as 
1-0. 0 0 
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we have, by 37, 
==) 0) 0 

| 0 0 

| 0 0 

| Gy % + AY, +32, 0,0, + boy, + bg 2, 

| M1 %2 + AgYo + dyZ 0 Xy + Da Wo + D525 

| Uy % + MWg + A323 0, 3 + Dos + 525 


0 =i 0) 0|, 
0 eal () | 
0 0 Oar 


1% HF CoYy + C3% ty Yh 
C1 Xr CoYo+C3% = Wy Yp 
C1 %3 + C2 Y3 + C32z ce Ys 


N NN 


eo wn 


which, by 43, 


=| % + Moy +52, Oa, + doy + O32, C+ CY + 65% |. 
A By + Ag Yo + UgZ 0, %_ + Dog + O32 Cy % + CoYo + C3%o 
Ay X3 + Mg Y3 + M323 Dy %3 + Dey + 323 C1 %3 + CoYg + Cy%5 


This result expresses the product of two determinants of the 
third order as a determinant of the same order. We are thus 
led to infer that the product of two determinants of any order 
may be expressed at once as a determinant of the same order. 

We now proceed to establish this important multiplication 
theorem. 


53. THrorem.— The product of two determinants, A, A! 
of the nth order is a determinant A" of the same order. Any 
element a,, of A" is obtained by multiplying each element of the 
rth row of A by the corresponding element of the sth row of A’, 
and adding the products.* 


Before giving the general demonstration, it will be useful to 
establish the proposition for the product of two determinants 
of the third order, and note carefully the form of the result. 


* Forming the product by columns, the statement is, of course: The 
element in the rth column and sth row of A” is obtained by multiplying 
each element in the rth column of A by the corresponding element in the 
sth column of A’, and adding the products. 
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| (a= 
Put A=/| a, 6, q | and A'=| a fi y|- 
Uz Dy Cy ay Bo Yo 
dg Ds Cs as Bs Ys 


Applying the theorem, we have to show that 


AAM=A"= laa, th Pitay: GatbBotay:, Aag+,B3+e1ys\- 
Mz, +D, Bi + Coy Aydg+boBotCoy2 Aeaz+b2h3+oys 
ga, +b; Bi +Cs 71 302+03B2+Cs¥2 M3a3+03B3+Cs ys 


Since each element of A" is a trinomial, the determinant may 
be decomposed into twenty-seven determinants (35), the ele- 
ments of which will be monomials. But of these twenty-seven 
determinants only six do not vanish.* Those determinants 
which do not vanish are formed by taking for the first column 
a set of first terms from the first column of A", for the second 
column a set of second terms from the second column of A", 
for the third column a set of third terms from the third column ; 
or, by taking a set of second terms from the first column of A”, 
a set of first terms from the second column of A", and a set of 
third terms from the third column of A’; and so on. That is 
to say, exactly as many non-vanishing determinants can be 
formed from A" as there are permutations of the numbers 1, 2, 
3, t.e., 6.. Hence 


fez ; , 
A" =| da, 6,8, Ciys3| +} dia Cye DBs) +| 0,8) daz Ys 
Clya, DB. Coys A201 Co bos Boy Udy Coys 
Aga, Ds Bo Css | 3a, C372 O3Bs bsB, Asa. Css 


F | x 
+]6,B, C,y2 Gya3| + QYyi b, By Gyaz)+ QyY1 a, b Bs 
bo By Coq Aga CoV be Bo Ayas Coy Mga, be Bs 
| Os By Csye Agaz C371 93 B, Asgaz C31 Mga, 03 Bs 


= a, Boys (4 Dos) — 0 Bs ye (a by Cs) — az; 3 (a, b5€3) 


+ a3 By y2 (Gy bo€3) — as Boy (Gy B23) + a2 Bs yr (bes) 
(by 30 and 31) 


* It is obvious that the determinants formed from sets of first terms 
taken from the three columns of A’’, or those containing sets of first terms 
from two columns, etec., must vanish. Similarly for determinants formed 
from sets of second terms, and so on. , 
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= (bees) [oy Boys-+a2 Bs 71 +43 81 y2— 43 Boy1— a2 ¥3—% Bsyo 
= (4, y¢3) (a; Boys), 


which establishes the proposition for the special case under 
consideration. 


In general, let 


A= | = Ps ae h | and A!’ = | By Vu ees. tan 
U9 ge Cy woe by | 9 9 Phe 

ae 2 - | lens Bs 2 Xo | 

oe ee, ween | | as Bs alco ete 

. Oy by Cr ot i, } | an By Yn rae IN, | 


Then the product AA’ = A" 
SS Cy) ay + 5, By > Yi a eee 4+ PO 


gay + be By + Coy + --- + leAy 
gay + O38, + Cs + «+» + 1gAy 


Gy ay 6, Bi =e Cavite aes == LAY 
May + Oy By + Cyy2+.--. +1,A5 eee aya,+b,8,+ Cyn --- +4A, |- 


My Az + be By + Coy2+.-- A lyAq ++. Agay+ bo B+ Con +--+ InX,, 
gq + D3 Bo + Cyyo + --- tlgry --. Azan + 03 By + CgYn «e+ Lg Ay 


nO + On Bo + Cnet eee ty 9 eee Onda t On Br Cnynt e+ Ln 
Now, A’! may be decomposed into a sum of ” determinants, 
the elements of which are monomials. But it is obvious that 
all those determinants whose columns are formed from sets of 
first terms of the columns of A", or from sets of second terms, 
ete., will vanish, as each will contain identical columns. —In 
fact, all those determinants into which A" is decomposed will 
vanish that have not the first column formed from a set of Ath 
terms from the first column of A’, the second column formed 
from a set of rth terms from the second colnmn of A", the 
third column formed from a set of ¢th terms from the third 
column of A’, and so on. Now, as many such non-vanishing 
determinants can be formed as there are permutations of the 
numbers 1, 2,3... n; that is, »! Hence, A’ is decomposable 
into »! determinants, of which the following A, is the type: 
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A, = (O. Bi Li Xe Cy as eee C1LYn 
bz IgAq Modg +++ Con 
bs By IsAq Mgag +++ Cyn‘ 
| 5,81 1,2 Oy 23 aoe Cnr Yn 

But Ay = Bi dg dpe eo yn | Oita eenen |e 


Now, the determinant factor of A, is evidently A multiplied 
by the sign-factor (—1)’, in which p is the number of inter- 
changes of two columns which must be made in A to leave its 
columns in the order which they have in A;. Accordingly, 

r=(—1)? Bi Agag-+e Yn A- But (—1)?B,Agag...y, is a term of 
A', since the number of interchanges of two letters which must 
be made in a,f,7;.-., to obtain the arrangement here given 
is p. Accordingly, A; equals a term of A’ multiplied by A. 
Thus each of the n! determinants into which A" has been 


decomposed is the product of A, anda termof A’. ..Av=AA’. 

Illustrations : 

1208/x/011 0{=|0+2+40+4+0 3444043 

eg Bs Ea) Sele O0+14+1+0 384+2+41+0 

URC RT 102071 0+04+2+0 9404241 

0.01.9 Oe 120 | 0051-40) foo 12 
14+04+0+3 2424040 |=/|2 10 4 4/=4/1 5 2 2). 
1+0+0+0 2+4+1+1+0 256 174 2614 
3+0+041 6+0+4+2+0 212 4 8 1624 
0+04+04+2 0+4+0+4+1+0 Lesa se oe 1 Str 4 

1205050 13c0 aL. G50 J==120 1 1 Lier 

OF aad lt 0@-e 1 @+a@ ab+a8’ actay 

OSLO 1-06 p 1 ab+aB 8+ be+ By 

OTe cl AL) O06 ay 1 -ac+ay bc+Py +7 


54. Since, before multiplying two determinants together, we 
may change the form of one or both factors, the product of two 
determinants can be expressed in a variety of different forms. 
As an illustration, the student may verify the following equa- 
tions : 
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yb) X| ay By|=| ayay+ DB, Gyo, +, Bo 
dy dy| | ag Bo is (ya, + by 8; Mya. + dy Bo 
=| Ma, + 48, aya, + ay By 

| Dyay +b. 8, dy ay + dy Bo 

=| aya, + bya, 2, +b, B2 

1 May + Doag My, + be By 

=| dha, 4+ Aya, 4,8, + a2 fi). 

| Dyay + by ay By + be Bo 


EXAMPLES. 


1. Show that one form of the product of 


imoco. (la —a, 1A is a v—ob +b? a@—ac+e|. 
1686 bb 1 ve—ab+l? ? YP—be+e 
Bie a e—c 1| \P—act+e P—eb+e c 

2. One form of the product of 
a+b o¢ e |xl\a+b+4te —tha —tb |is 

a b+e a | | —te b+et+ta —$b 

b 6b cta!} | —de —ta e+a+hb!} 


| 


(a+b)? @ b? 
Cc (b+c)?> BP 
eo a (e+a)*) 


3. Find the product of |a aaaj|and|—1 1 0 Oj], and 


abbob a ee es) 
a0 66 (O00 oak 
0-6 GC, ale ee: 


thence show that the first determinant = a (b—a) (e—b)(d—c). 


4. Show that 
i (ie (Oe Bhi Ss ie C1 Teil 


o—a@ a ¢ Sah ih ea tl 
ec @d—a 06 ty alee 
dc b—a =o ie beg E 


=|b+c+d—a a—b+c+d atb—c+d at+tb+c—d 
b—atd+e —b+a+td+c —b—a—d+e —b—c+-d—c¢ 
e+d—a+tb —c—d—a+b —ct+td+ta+b —c+d—a—b 
d+e+b—a —d—c+b—a —d+e—b—a —d+c+b+a 
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= (b+c+d—a) (e+d+a—b) (d+a+b—c) (a+b+ce—@) 
Ne 1 1 1 


(IG aie ie 
igo sigue Ihe 
pele tea 


and thence show that the first determinant 
=—(b+ce+d—a) (ec+d+a—b) (d+a+b—c) (atb+c—d). 
5. Show that 


pose =o SP |< Verse ae al ee a 
1 +B? —2b —2 +B? 1b B 
1 e+y —2¢ —2) e+y7 ley 
1 P+ 8 —2¢ -28| |@exv14ad 
= 0 (a—b)?+(a—B)?* 
(a—b)?+(a—B)" 0 
(dae )t tla) Oty By) 
(a—d)?+(a—s)* (b—d)?+(B—8)’ 


(a—c)?+(a—y)? (a —d)’ +(a—6)" 
(b—e)?+(B—y)? (b—d)? + (8-8)? 
0 (em att 3)! 
(c—d)?+(y—8)? 0 
6. Show that 


mb 1) xJ100 ki xj1000 
Gp by Cy 1} ORO es Ome ORO 
Barbe Cele 0-0 Isc aa OO 
V1 100). ONO Gr 1s” nae 


equals the determinant in Example 12, page 38. 


id 


7. Find the two determinant factors of 
ty Dy +OYy O1%+C Yo 
Cy Dol, +- Coy, Dea CoYo 
Cs Dy egy Dslo+ Csi 


; also of | aa,+cz, O fx, +9%}, 
Ay +bY2+ Ce. AYy f2+G% 


bystcz, dys Yas 


8. Form the product of | a, 6) and |a, B: y/. 
My by | ay By Y2 
a; Bs Ys 


The order of the first determinant may be raised to that of 
the second by writing it |a, 0, ¢,|, and the product can then 
Ae Oy Cy 
U23001 
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be found in the usual way. If we wish the product to contain 
only the elements found in the two factors, how should the first 
determinant be written ? 

From this example it is evident that the product of any num- 
ber of determinants of different degrees can be expressed as a 
determinant of the nth degree, n being the highest degree among 


the factors. 
9. Employing the notation i =-~/—1, show that the product of 
| a+ib c+id) and | %=1b, “q—td,| 
|\—e+id a—ib| |—c,—id, a+ id, 
may be written D—-i B-iA|, 
—B—iA D+iC | 


in which 
A= be, —be +ad,—aqd C=ab,—ab+cd,— ed 


B=ca,—qa+tbd,—bd D=aa,+ bb, +cc, +dd,; 
and thence show that the product of two sums, each of four 
squares, is itself the sum of four squares. (Euler’s Theorem.) 


10. Show (1) that the product of | a, b.¢,, and |p) 27's 
be expressed as a determinant of the fourth order by writing 


may 


the two factors |a, b, ¢, 9) and —| p, q 0 7} respectively. 
Mz Dy Cy 0. P2 Ge 9 1. 
| az bs cs 0| jth (4) Yas 
lo 0 0 1 ee Ce eal 
(2) By writing the two factors 
a, b ¢, 0 O| and |p,00q 7%, 
A Dg CG, 0 0 p, 0 0 Qs 1 
az bz, c, 0 0) p, 0 0 gs 7 
O50 Ope 0 OE OO NEO 
00001 OP ee: 
the fifth order. 


show that the product is a determinant of 
(3) By writing the two factors 


faye, ¢ 0 0-0.) and (1.0°0.0"0 .0 
A, by t, 0 0 0 0100 0 0 
ds bs ¢, 0 0 0 0.0 2-Q2 01} 
G0 Gy t. OO 0000p aN 
oe OU Obed 00 0 py Ge Te 
O20030 0 1 0 0 0 5 Qs 13 


ra 
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show that the product is a determinant of the sixth order. 
This example, and the theorems of 51 and 53, show that the 
product of two determinants of the nth order can be expressed as 
a determinant of each of the following orders: nth, (n+1)th, 
(n+2)th --- (2n—1)th, 2 nth. 

55. THrorem. — Any determinant A may be expanded as a 
sum of products of pairs of minors. The first factor of each 
product is a minor.of the rth degree, formed from a set of r 
chosen rows, and the other factor is the complementary minor of 
the first factor. The sign of a product is + or —, according as 
the product of the principal terms of the factors regarded as a 
term of Ais + or —.* 

Every term of A contains 7 elements from the columns of a 
set of + columns found in the x columns and first 7 rows of A. 
That is to say, from every minor of the rth degree formed from 
the first 7 rows, 7! partial terms of A can be formed. Now, 
the remaining (x—7r) elements of every such partial term will 
be found in the remaining rows and columns after removing 
one of these minors of the rth degree. Or, in other words, 
(n—r)! partial terms of A corresponding to the 7! other par- 
tial terms are found in every minor complementary to one of 


! 
the first set. ns minors of the 7th degree can be formed 


‘T(n—r 
from the first 7 ae Now, the product of two such comple- 
mentary minors gives 7! (n—r)! terms of A; consequently, the 
sum of all the products gives n! ter ms, t.e., the full number of 
terms in A. 

To fix the sign of any product in this expansion, we have 
only to remember that its sign must be the same as the sign of 
the product of the principal terms of the two minors. This 
latter product being a term of A, the sign of the product of the 
two minors must be the sign of the product of their principal 
terms, regarded as a term of A. 

If the selected rows are not the first r rows, we can easily 
make them so; then, after giving A the proper sign factor, the 
demonstration applies as given. 


* This expansion is known as Laplace’s Theorem. 
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Illustrations : 
Selecting the first two rows in |a, , cy |, we have 
[@y Bz 3 dy] =| a, del les dy] — lay e9| |b dyl + lay dy] |b, ‘| 
+1 By ¢y| lag dy! — 1B, dyl lay ey] +1 e dol |agd,!. 
Let the student select the first two columns of lay b,c, -@,|, and 
expand, obtaining 


| @y Bel Legg] — ay Ds] lead] + ley Bgl [eo dy| + lay Bgl |e, dy | 
— |a9b,| le, d3| +] a, b4l le, del. 
Show that 


layb,e,€,e5| = —lasbgl leydses] + |ayeq! 10, d,e5| — lady! 1d, ¢5¢5| 


+ laze! |b, e3d5] — |b.¢4| lay de! + 1b.d4l lay ese; 
— | bye] layegds| + leods| lay ds es] + ley ey! ladys! 
—|d@q| 1a, dse5!. 


What is the relation of 41 to the present theorem? 


56. It will be interesting to note what results, if, instead of 
multiplying the minors of the 7th degree formed from 7 chosen 
lines by their complementaries, as in the last article, we mul- 
tiply every such minor by the complementary of a corresponding 
minor formed from 7 lines different from those first chosen. 
By the preceding article 5 

| Dye, 1, €5| 

= |a,b,| 1e,dye5| — | ay dg! |code] +1 D4! | Cody e5| — | a, B51 egy e4! 

+ | ay bal le, dyes| — | a2 b4) |e, ds es] + 1205! le, dey! + las 04l ley dees! 

— | 3051 |e, dye4| + | 44051 |e, de esl - 

Now, if in the above we write ¢ for ), it is evident that the 
determinant on the left vanishes, and hence the second mem- 
ber vanishes; but by this substitution we multiply the minors 
formed from the jirst and third columns of |1b.¢;d,e;| by the 
complementaries of the corresponding minors formed from the 
first and second columns. It is obvious that the truth here 
exemplified holds in general. Moreover, it includes the special 
case of 45. 
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In symbols, the expansion of a determinant by 55 is expressed 
by writing N= 2 Oy Os aestes 
where the chosen columns are two in number, or 
A => > Ay by C, | Aap; ba Cry 
where the chosen columns are three in number; and so on. 
Employing the notation of double subscripts, we have, in 
general, 


A= | din | = 3 | Gp, , Op, >** Orrar| Nap; os Ops-aes «++ Any a 


57. Turorem. — The product of a determinant A =|,|, and 
any one of its minors M, of order m, is a determinant A' of 
order n+m. A'is expressible as the sum of products of pairs 
of minors of A; the first factor of each product is a minor of A, 
formed from 7 chosen rows containing M, and the second factor 
is that minor of A containing the complementary of the first 
factor and the minor M. The sign of each product is determined 
as in 55. 


Let the chosen rows referred to in the statement of the 
theorem be the first 7; then, by 51, we have at once 


N= 
Cee oie se Oh Meco hres! Lohse LChBesk pod: O8 Sm) 0 
Gx, Ggg =+0Clay 1 gy, + 02a 7 Clo, Angad =+-Mop Oa) 0 
Oe MO sod llere Citic Coney coy sdhs Ri Bee ie Oem tea) 0 
hy 11 Ue p19 +p 41 p—1 | Uesanes Cert Uepir| Unpirgies Angin O «.. 0 0 
tt On 3 gs «0 Og yg 1)| Opcays es Opa nay pagal Ue § wadsew Spates Olaceal 0 
Chay “Whee Doaleen al ORreme ecdsehs OP year 10) 0 
by. 441 bpp 19+ 9 Up si p—1 Aytaye + 41 1 Upp ty Upp rpiss + by pin by pine sepa yr pip 


Cy Giga Oy aa Mees -sUigney  Cyke eset een 
We eae 0) Oe) 0 OR oO IG ee poem 
OR OP ee WO Oy Sie oO One ss cau 


mn ny, us +n v—1 Ay r 


Uegr nee + Apr pat Ups, 


. O Uy, ype e+ yp 3 7-1 Uy_ay 
wos ON Ciag nancies 
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where the minor by which A is multiplied is enclosed. Further, 
observe that the »—r rows of A not included in the chosen 
rows are prolonged in A’ with the elements of these same rows 
repeated in order of the columns beginning with the kth. Now 
add the kth row of A’ to the (n+1)th, the (k+1)th row to 
the (n + 2)th, and so on, finally adding the rth row to the last. 
Afterward subtract the (n+ 1)th column of A! from the th, 
the (n+ 2)th column from the (k+1)th, and so on, finally 
subtracting the last column from the 7th. Then 


Ni 
GnrmmiceaslGrey Cig jesus Aj. Oppay | wey, Ahem ere es (ei) 
Qny Ugg --sCoz_7 Woy ~-2+Qgy_y Ga, gy 41 <-» say One ernie aati() 
| | 
pp pe eA ey NO cesOppay yy or SSE hs Cre 2 0 
Uys Up r 99+ Uje24 p-1 nary 0 ¢ Opa p— 1p oi eae iase Oc QO 0 
emir ie aoe calle aC pee Opa Oroneaaes <Opigy, (9 2. Or 20 
em ere ge Gag -- 25> Oye | Aeris {6g . O ase 9 0) 0 
Cia Graig O»... 0 OW yy press Oppin Upgipe ©+ bptpn) Oncay 
CAs open OD ex+ 610 QE ih os Un 8 <Olpic inern's Unt = Clan 
Pag iese Gyo 0-0 Oe Gigeaq cele, Wye serena | Ca 
Desir Ogio -Opiiz-1 9 «-- O OQ Mpg ryeres+Upepin| Uppape e+ Uppr r—1 Appar 
(ip Lost Does, rr EU ey os ee OB pa gene pga Oy nays oe U9 4 pay 
Mane Crp ea sy Oe st WG peg ee One ooo Opp tn Ope 


By 55 A’ can be decomposed into products of pairs of minors, 
yiz., the minors of the 7th order formed from the first 7 rows 
and their complementaries. Since the elements in the columns 
of A’ directly below M are zeros, all the minors of the rth 
order, formed from the first r rows, will have complementaries 
that vanish unless the said minors contain the given minor M. 
Hence the first factors of the products in the expansion of A! 
will all be minors of A, of the rth order, that contain the given 
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minor. Further, each complementary of such a factor is made 
up of the x» —r rows of A not found in the first factor and the 
y—k+1 rows in which M is found. Which proves the 


theorem. 

lO Chey OW, 
Genie Ola CAIN Oe Ca lee) Ua by Cy dy 2 0 0 
O85 Cads ces UO 
dy DO, Cy My €, 04 Cy 


is Ds €; Us €5 OsC3| = lz O3 Cyl le, Os Cy 

0 0 0 0 O By co] —1B, Cy dsl la, €; Bo Cs! 

0 00 0 0 b; Gi —lb ec eslilasdsbsc3) 5 
| dy Dy Cy dy €5| | Dy Cy Uy | = | ty De Cy Ay Ls Dy C3 Ay] + |B, Cody e4| |; bys dy]. 


The student may show (change the rows into columns before 
applying the theorem) 

| ty By Cy dy es! | Bs C4] =| ay Do ey Uy! | Bs C45] — 1, Bs Cy U5 105 C4 €2| 
+1d2b3eyd5| 1b; cel 5 
| dy Oo, dy e5| de 

= |¢, d,e,| |a,b; do] — |e, dy ey| |ab; dy| + |e, does] |a3b4 dol 

+ | yds e4| |G, bs dy] — | co dge5| | a, by dy] + legdyes| |, d5 dol , 
= —|d,e| |a3b,¢5dy| + | dyes] lay be; del — |doe,| lab, ¢5 de! 
+ |dye5| lot bse, del , 


The second illustration given is especially interesting as it 
shows the form of the product when the minor is of order 7 -- 2. 
In that case the chosen rows are »—1 in number, and the 
development consists only of two terms, each term being the 
product of two determinants of the (n—1)th order. If we 
change the order of rows and columns in the result, we have 

| hy Dy C5 Ly @5| | By Cy dy] = | Ay Dy ey Ay] | De Cy dy C51 — | Dy Co ls C4! | Dg ey As | , 
or A Aa,,¢,= Ae, Aa, — Aa, Ae, ; 
and, in general, 

A Mains yg = Naan Nyy — Aaa agi 
Employing an obvious extension of the notation described in 
the latter part of 39, the last formula becomes 
VA _ddadA_ ddA dA 


day, Mayy . Ady, Ady, — Ay, Aa, 
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Rectangular Arrays or Matrices. 


58. As a determinant is a function of n? quantities, the 
elements are always found in a square array. It is often 
necessary to consider the determinant obtained by applying the 
process of 53 to two rectangular arrays of elements, i.¢., arrays 
in which the number of rows is not equal to the number of 
columns. We will now investigate the value of this product. 

Ist. When the number of columns exceeds the number of 
rows: 


The product of two arrays (matrices) of elements in which the 
number of columns (m) exceeds the number of rows (n), is a 
determinant which is equal to the sum of all the products in which 
the first factor is a determinant of the nth order formed from the 
jirst array (matrix), and the second factor is the corresponding 
determinant of the nth order formed from the other array 
(matrix). Let the two arrays of elements be 


yy Cy aoe Cy, eee Ay), Ay, Ayo «++ Ayn «e+ Ayn 
Ch Clog 22. ces Oy Glo, Ong «ee Ag, eee Ao 

21 22 2n 2m { and 2h 22 Qn 2m | ne 1 <m. 
Gr Ang +++ Any os Cnm 2 An] Angers Ann eee Anm 


Applying the process of 53, we have the determinant 


A= 
yy Oy Fy Gay, + 2°? FO Gm Ay A) + + ** + Ay, Gon, 
Cyy yy + *** + ony Fe ** + Oom Bm Ch, Oy + *** + on Gon 


ae tae eee on tee eee aoe oe 


Ay A) ar vis az Ann O1n = a + OnmOim 1109) ae hc I= Oy, nA2n 


ie — = Cin Qom *** ayy (se ee +p Onn oe cae aie Cm Onm |+ 
+ pe: + Com Ayn, °°* Ag, Any + nee +o, Onn ata as + Con, nm 


. oe see eee eae ee ee one 


tes FO am tam *°* bn On ft s9* Onn Ong + Onm Fam 


Now we may form from A a number of determinants Aj, Ay, A;-++ 
of the nth order, the elements of which are all polynomials con- 
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sisting of » terms each. The number of such determinants is, 

m(m —-1) (m— 2) ++ (m—n+1) 
n! 

one of these determinants ; take, for example 4;, whose columns 


are formed from the first » terms in the columns of A. We 
have, accordingly, 


Let us consider 


of course, 


Ay = | Oy, ay + yy 9+ *** F Ain Gin 
Cgy 0 + gg @ygF *** Aly, Orn 


ny Ay) +Gy94,2+ oe + Onin 


Ay Ggy + Ayn Gog 2+ Ay Ag, 19° Cy Gyr Ay Gyo 2° Ay, Gan |, 
Cay O93 + gn Ogg ++ Aon Gon *1* C1 Any FH Agg On9-F *** Aan Onn 


: | 
yy B91 + Cy9 B99 Bi tO aly. Aon 22° yi An} a= Ong Ayo Mike =n Gai | 


Now A, is, by 53, the product of two factors, the first of which 
is the determinant formed from the first x columns of the first 
array of elements, and the second is the determinant formed 
from the corresponding » columns of the second array. Ina 
similar manner we may show that each of the determinants 
A,, As, Ag+» is the product of two factors, each factor being a- 
determinant formed from 7 corresponding columns of the two 
given arrays. Then in order to establish the proposition it 
remains to be shown that A=A,+A,+A,+---. Each of the 
determinants A,, A,, A;--- can be decomposed into nm! non- 
vanishing determinants whose elements are monomials. <Ac- 
cordingly the sum A, + A,+ A,+--- will contain 

mu (im —1) (m — 2) «+» (m—n+1) 
non-vanishing determinants whose elements are monomials. 
Returning to A, we see that it can obviously be decomposed 
into m” monomial element determinants; but those which do 
not vanish are only m(m—1)(m—2)---(m—n-+1) in number. 
Now observing that each one of these monomial element deter- 
minants is a part of that one in the series A,, A,, Ay--- in which 


its columns occur as parts of columns, the proposition is estab- 
lished. 
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Illustration : 
Performing the operation of 53 upon 


a, by d, ) : a, By V1 3 ) 
(ly Dy Co Ay J and ay Bo Ye 3, oe 


we obtain the determinant 
hoy + B+ ey, +d)d, aya, + by Bot Cy + dy 84). 
Giga, + by By + Coy + dy3; gag + bz By +979 + oS! 
This determinant the student can readily show is equal to 
(be) (ay Po) + (C2) (or ye) + (ay de) (04,85) 
+ (bi C2) (Bi y2) + (Br d2) (B82) + (ede) (718) « 
2d. When the number of rows exceeds the number of columns. 
Consider the two arrays. 


a by ay Bi ) 
(lg by r and (oR) Bo if 
dz bs ) is B: ) 


Multiplying as before, we have 

A= ja, +0,8, Gath, 8, dya,;+ 0,85! = 0. 
ga, +028; dza2+ 028, A203 + bo Bs 
30, + 38, Agag+bsB. Aza3 + 03 Bs 
The value of A is readily seen to be zero when we notice that 
it can be obtained by multiplying two determinants formed from 
the two given arrays by prefixing a column of zeros to each. The 
method of proof employed in this special case is general. It is 
only necessary to add to each array as many columns of zeros as 
are necessary to make each array square, and then compare the 
product of the two determinants thus formed with the deter- 
minant formed by compounding the two matrices. 


Reciprocal Determinants.* 


59. If the principal minors of the elements of a determinant 
are themselves made the corresponding elements of another 


* Reciprocal determinants would more properly be considered in the 
next chapter since they are among the “special forms,” but for several 
reasons it is thought best to introduce them here. 
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determinant, the determinant thus formed is called the reciprocal 
or adjugate determinant. Or, in other words, the elements of 
the reciprocal determinant are the complementary minors of the 
corresponding elements in the original determinant. 


The reciprocal of (a, 0, ¢5) is 
(D2¢3) — (42 ¢s) (dz D5) |. 
— (dD, ¢;) (3) — (bs) 
(0, C2) — (G C2) (a b.) | 
Assimilating the notation of 19, we have 


(ABs Creede ee 


yy | } 
, or | Ay Ay, Ags ++ Ann | 
for the determinant adjugate to 
| Cy by C3 QyS bn IB | Gy, i or | (yy Clyg Cp whee. Gray 
respectively. 
If the minus signs in the first illustration are erased, what is 
the effect upon the determinant? How is it in general? 


60. THrorem. — The determinant A' adjugate to any deter- 
minant A of the nth degree, equals the (n —1)th power of A. 


We have, for example, 


A=/q 6, q|, and A'=|A, B, CG). 
(okey (ly Wale 1839 (ER 
Cs Ds Cs A, B, C; 
Whence 
AA'=/A 0 O/= A’. Nd aNe 
0) AO 
OO0A 


The process here exemplified is perfectly general, hence the 
proposition. 


Gl. THEeorrem. — Any minor of the kth degree of the reciprocal 
determinant A'-is equal to the complementary of the corresponding 
minor in the original determinant A multiplied by the (hk —1)th 
power of A. 

Let A =| a,,|, and A'= | A,,). 
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Transform A and A’ so that the minors | yy Gzp yy | and 
| Ay Ay Ay, | occupy the first three rows and columns in their 
respective determinants. Then 


= w _ = 
A=(—1)"|ay Gy dy Gs), 
Cs) C39 Chgg Ay | 
| 
| 
\gy Ugg Gye gp} 


yy zg lng Ug} 


and-Al=(—1)"|4y, Ap Ay Ais). 


Multiplying, 
Al Ay Ag AuJ=|A 0 0 ay|= a, A’. 
0 A O Ges 
10 0 A Gg 
0 b—"0" Ges 


Whence | Ay Agy-Ay | = @; A’, which is the required value of a 
first minor of A’. 

To find the value of a second minor of A’ we may proceed as 
follows: 

The minor 


Pegi (<1)*| doe Ay Ag! Ay, 


and the corresponding form of A is 


(=1)"| doy Cy, Uy Chg | 
Cag gg gy Osa 
he ys Gy hs 
Gy Mlyg gy gy 
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As before, 
A] A Ags] = |A 0 Gq dy|= A*|dn aul. 
O A Gg, Aeg 
Cy, Ayg 
Chg, Chyg 


SKS) 
Se 


Whence, |Asy Ags| = |r Cua| A. 


The student may put 
A= |a, by cs dy| and A'=|A, B, C; Dy}, 


and then show that 
|B, C; D,| =a, A’; 
| Ay Dg| = |by 6, |A. 
The general theorem, of which the preceding are special cases, 
is proved as follows : 


Let A =|qa,,| and A’= |A,,|, 


and let the minor of the kth order of A' whose value is sought be 


A; = | 72D Apa, Apa; oO Ap. ie 
Apa, Ap,q, Apa, ake Apa, | 


Ana, Apa, Ara, «+ Aran 
Now putting 
PE Pet Path Pe as 
we may write 
A=(-1)" 


Cpa e+ Sayan Cad oes yal aya ++ Uy ge—-t Upyqat +++ Upyn}- 


Aner, +++ Upegy Upd +++ Upyq—l Up.q,+1 +++ Upoqo— Gproqo+1 +++ Cpyn 


png, ++ Cpa, Cul ss Uppal Appt +++ Uppgel Upyq+1 +++ Upyn 
ig, +++ Gg, G11 «+: C1q,-1 C1g,+1 see C1 g.—-1 CI qyt+1 +++ Gin 


Cag, -++ Ueq, G21 ++. Maq—1 Cag, t1 +e Claq.—1 Caqnt1 +++ Con 


aes ey eee e830. 7 10:4,0: eee eee eee eee wee see see 


Ong, eee ng, Onl see Gng,-1 Onq,+1 wee Angy—-1 Cngo+1 see Ann 


* In this determinant the subscripts p,, p; Ps, .- G45 Jos Ja) «» Of course 
stand for any integers in order of magnitude. 
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The corresponding form of A, is 


Ap, lah Apa, =a pyk ><» Ang Ne Cyt k = # Ang Apa ve Apn ° 
Apo, oes Ay,q;, Ap, + ly,q.—1 Ay,¢, ' Silo Apy,q.—1 Ap, qy+ a teres App, 
Apa, ai Apa, Nl re Ap.g—1 Ap,«, Hatisler Ap q Ap gy+l ie Ap,» 
een a LF cc +O 0 — 0 UN” <aten ailG) 
(i) toe * (Warne 0 Q see 0 Q Soe) 
i) = 0 O i 0 Q Q QO 
0) Q Q () 1 QO 0 0 
| O GO. 6 0) 0 1 0) 0 
0) 0) O () Q 0) 1 0 
/ 
hse. - ll (ae er 0 0 ae 0 i) Spates 4k) 


We notice that this form of A, is just the same as if it had 
been derived from A! by making the p,th, p,th,---p,th rows of 
A' the 1st, 2d, --- Ath rows, making the same changes in the places 
of the qth, gth, ... g,th columns, and then putting 1 for each 
remaining element of the principal diagonal, and 0 for every 
other element of the n —k rows of which A, is not a part. 


Multiplying, we have 


cat A (Vie ee 0) Cyl vee Cpig;—-1 Cpiqg+1 eee Cp, qg—1 Cn qo+1 see Api . 
O A 2.5 0 Cyto ++ Opyg,—1 Upeqyt +++ Egg Upygg+1 +++ yn 


() A Apees Apyq— Upygyed ++ Upyge—d Ung 1 +++ Upyn 

i eeterren. Ay +++ C1q,—-1 Cig+1 -+ Cig.—1 Wgst1 ++ Cyn 

0... 0 Ga, ..» Gog —1 Gag,41 «+» Cag—1 Gog,41 +.» Gon 
7) vet 2 


Giese GO Ani +++ Ong,—-l Cng+1 ss Angel Ang.t1 +++ Can 
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Now this determinant is at once expressible as the product 
of two determinate factors, and we have 
AA, = A* times the complementary of the minor of A corre- 
sponding to A, in Al. 
Whence 
A, = A*+ times the complementary of the minor of A corre- 
sponding to A, of A', 


as was to be shown. 


62. From the preceding article it follows at once that if 
A= 0, then 


PAT Ain — As Ay = 2 ll A,» | =e mS 0) 3 
Ay, Ay +tn1 An Ay ‘Asy| 
7.é., 1 general 
Aj, Ay => 0, 
oe pk ys 
whence ‘ 
As ce J wee yas 
or Weta Wea, Seger Re 


That is to say: 

If A=0, the cofactors of the elements of any row are propor- 
tional to the cofactors of the corresponding elements of any other 
row. 


From the preceding article we have also 
A,, A,,| =A Xx complementary minor of | dg Cie 


An One 


’ 


pk 


which may be written 


UNS ES ets 


Athi, Mie = AMAA g 
dA dA 
day, Ady, 
whence nN A i d& dA dA eS 


Ai: AA ye diy, day. dy, bok dd, 
which is the formula already obtained in 57. 
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1. Show that Asada 
al 0) 0) 0) 0 0 |= — 2 [ay Yr 23 | | a, Zo] 5 
Caeage AL Oh oy, 0 
ss OS ere Ts Oe tee 
0 
z 


also 
a 0-0 a, 0 0|==/a,8,| [aod;| {a5 dg). 
Saget 0 a, 0. 
0 0 a 0 O ag 
Be es O° by" 6 0 
as Ter ae ee 


2. Show that 
As by |e 0 0 |=|A, B,C] [a dees), 

Cs Ds C3 WG 

Gals bAS ¢,4, A, <A, 

mB, 0B, ¢B, B, B, 
Hc BC, a G CG, 

3. If A is a determinant of the nth order, having n — m zero 
elements in the corresponding places of m rows, then A is the 
product of that minor whose elements are the other elements of 
the m rows and its complementary; the sign of the product is 
determined as in 55. 

4. If any determinant of the nth order has more than (nm — i) 
zero elements in the corresponding places of m rows, the deter- 
minant vanishes. 

5. a 0b ¢« M N\=|a,—M b,—N| |e, 4405); 

Ge co tO a%—P h&—Q 


Gy Ay Ay M4 =|Ay | [b,c]. 
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Ge 


7. Show 
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Gy We Oy hy Gy WO, 7G, - fg ay 
b, by ds by bs be 0; bg bg 
On. 0, O09 20 0 ec, aa, 
Oe MO hy Bch te ah WO 
On Oe ME Mea Ge Ga 
Jit, cfs: Ps tole Je, laa ieee 
h 92 9s 9s 9s Gs Gr Gs YB 
jy he hy hy ts te hh, hg O 
ae <p 00s Os Sige eee) 
| Ree Oy tO: OO Sheen elisa 
= —| Uy Dyo| |g; es] |.fs942s| | tr Ae]- 
that 
| (a, — 21)? (a, — by)”. (a, — Bg)” 
(Gg — by)” (lg — Bg)” (lp — Bg)? 
(as — by)" (a3 — bo)" (3 — bs)" 
(My a b,)? (dy =F by)? (My a b;)* 
This may be proved by multiplying the two arrays : 
ie aes at Ne 1 —2b,, ae 
dg dy 1{ asta 20, Oe 
fig Ger tal 1 DOS pee 
Gio ape Jal 1 — 2b, .b2 
that 


8. Show 


a JC) = 


My 1% Ayoy 
Co ~ oe 


Cnr Ong, 
| is che 
Ca, Aga 


Uy Ay, gy 


eee Can cCe 


Con, 


. 
Ct, va 


yn, 
Coy, 


AnnXn 


dnl tht y+ eb) 
+] ay 


gy 


Ant 


Notice that the coefficient of w; in this sum is 
MU; Ay; + g;-Ag; + A3;-Ag, + +» + Ani Ani = [Qin |. 
9. As an application of the preceding, show that 


2 (&, + ay + 3) 


ora) 
107) 
1 


a) 
v3 


GENERAL PROPE 


= | ay? Wy" 5” |r | ay 
Le Wy My | | Wy 
ake es Oe 


10. Given 
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Bo Ue || VM Uy Gey || Dien gems sels 
age? far an gee : San 
mete 1 a Wes onte | Qi@g MVs ely 
eS AI Co Gomes ti ae los as We 


A(®) = a2? + 3 by2?+ 8¢a + dy, 


Fa (&) = Aga? + 8 box? 3 ca + do, 
T3(@) = asav?+ 3 bear + 8 ea + dy ; 


show that 
(A(x) fil(x) 
| (a) fel(ar) 
| fy (%) Ay (@) 


v (@)| =—18]1 —a 2 —2' 
nae e) | a hb y a 
Ss!'(@) My by Cy de | 

dz 0; Cy ds | 


The first determinant is at once reducible to 


—18|/\qe+b, beta aqaetd,), 
Meth, Bxtec, Cwtd, 
aze +b, bewtec, c,u+ds 
which may be written 
|1 0 0 pet 
| Cy ae+b, hete qu+d, 
| 2 Meth, bate cuwtd, 
\dz, agt+b, bate, ¢,%+d; 


Again using 37, the last determinant becomes the result above 


written. 


The student’s attention is called to the fact that the 


method of bordering a determinant, 7.e., increasing its degree 
without changing its value, here employed, is frequently of use 


in simplifying. 


63. The following examples comprise several interesting 


expansions of determinants. 


The cases considered and the 


methods employed are important. 
I. Expand the following determinant in ascending powers 


fone Hie 
AZ=|Q+% Ap Clin 
Go, Ang +H oo. Clon, 
Any Ano Cnn a wv 
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A is evidently a function of # of the nth degree, in which the 
coeflicient of a” is 1, and the absolute term is f(0)=|q,,|-. 
To complete the expansion, we have to find the coefficient of a*. 

Consider the product of two complementary minors of A, of 
the kth and (n —k)th degrees respectively, 


ee +2 Ugg eas} anid aL pp H@ Cin) wees Ws 
Wig. Wggicta ie ese | Oap iggita 0 ise 
ee . | eee 
1 


This product contains the term 


wo | at Gy, ere ae OD a Baye 


pp Pa pn 
OS Mehr Tous. HAs 
eee . . oe 
Any Ang ae Cyn 


The entire coefficient of a is accordingly =D,_,, @.e., the 
sum of all the minors of |q@,| of order »—k, whose principal 
diagonal lies in the principal diagonal of |q,,|. 


a A= lay)! =P ®&D,,-1 = a? SD, 2 as 2e% ae x. 


As an illustration, the student may show that 


a + au by Cy dy. 
dy byte C5 dls 
Cs bs Gs + & ds 
Cy D4 CG d+a 


=a, ¢3d,4] + [| b:¢5 yl + |ay c,d, 
+ lay by Al + Lay boey |] a 
+ [1d ¢51 + lay dyl + lazes! 
+ ldodgl + 1a, dol + 1e3d4| ] a? 
+fa+ Dy + és + dy] av? + at. 


For another exercise, ‘let the student fiad the terms of 
A=|/q,,| that contain k elements from the principal diagonal, by 
considering the product of two complementary minors, as above. 
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II. Expand 


A= | ae + ly Ce tiny dwt may 
[Cot + roy be +my aat hy 
| bow + My aoe +ly cae +ny | 
in ascending powers of a and y. 


ao ees ; : : : 4 
Putting first y=0, and then «= 0, the terms involving a? 
and ¥°, respectively, are 


el) a ¢ b,/, and y°| 1 ny myl. 
Go DS" ay | Da id, ae 
[Oy ty © | Im, I 7 


Putting the ¥’s in the two last columns of A equal to zero, 
we obtain for one set of terms involving a*y 


wy|~l ce |, 
Ms 0 Gh 
fae s Cec 


and the two other sets of terms containing 2’y are, similarly, 


wy|a m bj) and ay|a ec mi. 
} | —— 
&% Mm ay| ey i ah 


! be ly Cc / 


The coefficient of ay is found in a similar manner, and the 
entire expansion is accordingly 


A=Hla ¢ b|+2°y| | 
Cy OD cty| ; | 
[Dy Gq C | Mz Mo C| |b, ly 


Log bi+la m dyl+la eq amy | 
My D Cty! |Co M O| |e 0 || | 
|by Gy m | | 


fay! ja ny mi+)l eo mi+) 0 mo) |+y?) om my. 


| | 
C m |, iy D qh | m5 m Ch 1p 92 ty 
[| |B2 lg |] |My Gy 2 | Wily dee ne Ip 1 


III. Show that any determinant A may be developed in terms 
of the elements of any row and column and the second minors 
of A corresponding to the product of these elements. 


Let Al =|dy Ay Azgl, 


and border it as indicated below; calling the result A, we may 
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expand A in terms of the bordering elements and first minors 
of Al t25 


Ayo Gy Ae hs + ay) Aos Argo Gor Agi Goo M2 Age 
ibs) Win bey be lop “Gos Ags Og gy Agi Gy Og Ass 
Asp Ms, Aso Ags + gy Ao, Ags’, 


= 1 5, 9 
A= Axo Go Cog Clog| = My A'— § cho dy, Ayt Gy oe Ay 


in which A,, is, as usual, a first minor (with its proper sign) 
of A’: 

In general, if A'=| dy; Goo++* Gp, 1, We have 

A= Coo Coy Cog «as Con | = Coo inh = On QopAd (7, k = ile 25 3 see n) 5 
Cho yy Cho eee yy, | 
| Cog Clo, Clog oe Cy,, | 


viele eye's ealéipile cic: eee 


; 
NGirae Chane Gipate eG! 


‘nn | 
in which, as before, A,, is a minor of A’. 

For the terms of A containing @» are obviously @)A'. Now 
let C be the complementary minor of 


Alyy ox] In A; 


Ain Cix 


| 
then a) d;,C contains all the terms of A involving dya,,; hence 
a, C’ contains all the terms of A’ involving a,,, and consequently 


c= Ages 


and — M9 My,A, is the expression for the terms of A containing 
the bordering elements Gy, Mq,. 

This expansion, known as Cauchy’s Theorem, is frequently 
written 

A= 6,,Ag= 205 Ga bie (a) 

Here A is a determinant of the nth order. A,, is, as usual, the 
complementary minor of a,, in A; ¢ has all integral values from 
1 ton, except 7; Xk has all integral values from 1 to n, except s ; 
and £,, is the complementary minor of a, in A,. (a) is, 
accordingly, the expansion of A in terms of the elements of the 
rth row and the sth column. 
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The student may show that 


A=la f gh 


= abed — fred — qq,bd — hhybe. 
ib 0° 0 


gO 6.0 
hyo 0 a| 
A= G]+% a ds &l=|q%+a, a dy ay 
/ See 0) 0 | —i @ 0 0 
Be ey, >, Of) | se ae, 0 | 
Ba Re Sel ep” ty 


OVS IE AS) ag oy ose, 
| Gy Wa Ag ... a 
| 11 Op Uy oo. @, 

A, Ay Gy oe 


and if we put 


SI (@) = (an— a) (@2— ay) +++ (%,,— Oils 


and ; 
: _ adf(x 
I'(%) = 2 = (a, 0) +++ (@_y— 4,4) (410;41)***(@y—an), 
we find A= F(2) + Sogf"(%) - 
For 
Nicene One) ty Q =/1—a, -—oa, —a —a, |3 
| Lah og 2 Oy, la,—o, 0 () (0) 
eG aids “tes Oy | a QO t—a, 0 ace () 
Mei line an | te 0) 0 t%—-eo 0) | 
| 
IY esi WES ee ae oh noon i ) i) soon ees Con 


whence (if, as in III., we let A’ represent the complementary 
minor of the first element) A’=/(w), and, since every first 
minor of A' vanishes except the minors of the diagonal elements, 
we have the required value of A on applying the theorem 


A = AA! — 3 Ai Ay, Ay. 
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V. Show that 


IN == | Gy WP Yaa soa. | = f(x) — af'(@), 
AP Gy BD OB. aoa. a 
Bul ag 8 ae 
GO OSE. iol ot 


in which (@) =(@—a,) (@ — ay) (@— a3) «++ (@ —a,), 
and S'(®)= ao = (& — ay) (@ — ay) «++ (@ —a,) 
ie 


+ (#@ — a) (@ — az) +++ (@— a) 
+ +++ + (&@ — az) (& — de) --- (@— aya) + 


A= 2 0-0 0 Ol rr —2 
I ep a ae nos WE la—2z 0 0 0 
I 82 Ging ee a 1 0 a—2 O 0 
ae 88 ae a 1 50 0 a,—a@ 0 


Then, as in the preceding example, 
A = f(a) —af"(«). 
64. To the expansions of the preceding article we append the 
solutions of the following determinant equations. 
I. Solve the equation 


NAD one Why oe, OP 
ay VU 0) 104 
ay GQ way 
Om Ube hy ib 


We find by easy reductions 


A=(#—a,)’ e® a, O ay = (@ — 01)? (@4+30,)=0. 
he Ga 

= La Ol SO 
Or “al 


Whence, & = 0j, G4, 0, —Sday. 
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I. Find the values of w in the equation 


Aa lea OG = 0. 
Ap ee Cy 05 | 
HOrmrGie ab. + Chi 


KCy. Of Oe 


A= | @+Q4+h 4+ G 4 \=(@+aQ4+),4¢)|1 a dv, c 

et+aq+b+¢ 2 G dy 1 ae elon 
+40 +¢ 4 @& GY Ie aed; 
e+aqt+o+e b, a Py IO Gh ae 


=(@+ a,+0,+ ¢,) (@—a,4+b,—¢,)|0 —1 1 —1I. 
I A Oy Or 
fey aay 
bh 0 Oi he 


Put the two polynomial factors =A and B respectively ; then 
the last expression 
| 0 0 -—-1 a4 
=A. B.| ate ¢ &FeG 
\1 -@+e 2% a+] 
th OG, a ato 


0) 0 —1 0 


a end 0 ¢q &+og—a— 2 
. 1 i) v 0 
‘Lb+GMaHewH—e 0 


Whence 
(@+aq+h4+) (@—a—4+h) (4+ 4-2 —%) 
(a, +a — b,—%)= 0. 
v@=—(G+04+4), (4-4), (i-—Gt+m), 
(,— a+). 
III. Find the roots of the equation 


A= a? bP e =0. 
(a+aA)® (+A)? (e+A)® 
(2Qa+r)® (2b+A)*® (2e+A)? 


From the third row of A subtract the first row multiplied by 8, 
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and from the second row subtract the first row. Then subtract 
the second row from the third, and we have 


= 3 | a i? o 2 
Ba? +30X+2 3b°+30A+A 3° +3eA+2A, 
3a? + ar 362 + br aif taey 


Now subtract the third row from the second, and 
A = 3 rn a> ie (pin = 0. 

[2a +A 9b 4h. “2eeene 

ISaes2 an Bb74-0N *3ic7-E Gn) 


From this equation it is obvious that three values of A are zero ; 
the other two roots can be found by equating to zero the quad- 
ratic factor of the first number, and solving for A. 

A may, however, be further simplified as follows: subtract 


the first column from each of the other two; then 
A= 3A*(e—a) (b—«a) a? Ptabtae C+ac+e@ |. 

2a +X 2 2 | 

Ba+ar 3b4+8a+rA 3c+3a+r, 


Now subtract the second column from the third, and 


A=38A'(b—a)(c—a)(c—b)| a w+ab+h atb+e}. 
2a+x2X 2 0) 
3V+ard 38a+304+2 3 


Finally, add the second column multiplied by —a and the third 
multiplied by ab to the first, and afterward subtract the third 
multiplied by a+ 6 from the second; then 

A=38)'(b—«@) (c—a@) (c—b)| abe —be—ca—ab a+b+el= 
r 2 0 
0 r 3 


Whence three values of A are seen to be zero, and the other 
two roots are readily found from the quadratic 


(a+b +6) V+ 3(be + ac + ab) A+ 6abe=0 
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65. Turorem. — The total differential of w determinant A 
isa sum of n determinants, each of which is obtained from A by 
substituting the differentials of the elements of a row for the 
elements themselves. 


Let — A= | aX Yo%s ++ t, |. 
Developing in terms of the elements of the ith row, 
A= Xe ¥;Y;£ 27; --- + ¢,T,. 
*, dA =dx,X,+ dy, Y,4+ dz,Z,+ --- + dt, T,. 
There must be # such expressions for the total differential, each 


of which is obviously A, after changing the elements of the ith 
row into their differentials. 


cot a ba dy; dz, «.dh [+] % yy 4% «. 
| 


DUE ACES tena ty | At, Ayo dey ... Ate 
vn Vey an ee t, | Vy Yu Ay oles by 


a se | ay yy Ry eee ty l, 
[ete a Yoo egies. bo 


er 


From the differentials, partial or total, we, of course, pass 
to the corresponding derivatives in the usual way. 


Illustrations. 
i. : -W*dv l\dM M). d\dM M\=|0?M M\. 
Day Wide aw | aN N| |@n N 
Let | iy) Gop Ong yl =AH=la 2b ec Ol, ; 
0 G20 ¢ 
Lo Ze. tke Oi} 
On G 226: hi 
a 2b cl+kila | 
Ee Maal Be sea) bk 
& 26k), 


* The [] denote the total differential. 
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dA +. la bd 
Fee + As, + A w= sol? ¢\—4h Me 
+|26 mp ean 2) 

l@ 20 < | | 0 Ie | 

| b PAG k | 
1 : 
=A, A Ag+ 2Ay+ 2Ag = +, 
rare 
die 233 an AS 


66. Turorrem. — Jf the elements of A are all functions of the 


: dA . : 
same variable x, ; equals the sum of n determinants, each of 
da 


which is obtained from A by substituting the derivatives of the 
elements of a row for the elements themselves. 
The truth of this proposition is evident from the preceding. 
Thus, if 
A=] file) fio(@) «+ fin(@) |; 
Fa(®) fin(®) ++ fin(2) 


cee . see vee 
Ini @). Fao 2) -* Jan @) | 


dA _ | fir’ (®) Sra! (@) ++ Fin! (®)) + | Fu (®) Sax(@) +++ Fin (®) | Fo 
das —— ae) w fi) Ju @) fa) Sin (@) 


ae Fate ope ra F(a) Falt ie 22) 


+ | fu(®) fio(®) -.- fin(@) |- 
| Fal) = w) . Fon) 


fal (2) fr! on ue (a), 


if ale Aw 0 0 | =A ALAS] 1 si as OE 
Lt Aga 0 Ay 
5 Ie de okae Ted. 
Oia . ier rege gc 
0 teen: x 
Nes 
Oy 08) Leak 
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the student may show that 
—- : ee 


g gee | =a ip 

’ —=— Xr — x 0 — x 0 we. UE 

‘ doer 5, di ae 

‘ eer h ree <a ke 

~ Xs X5 Xo dy 
he 
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CHAPTER. III. 
APPLICATIONS AND SPECIAL FORMS. 


67. We have now discussed the origin and some of the 
properties of determinants ; it remains to show how useful these 
functions are in application, and to examine some of the Special 
Forms that are of frequent occurrence. Within the limits of an 
elementary work like this it will be possible to select only a 
very few of the many important applications, and to touch 
somewhat briefly upon the special forms. Enough will be given, 
however, to enable the student to pursue his further investiga- 
tions with pleasure and profit. We now return to the problem 
with which we commenced the presentation of determinants, and 
proceed to the 


Solution of Linear Hquations, and Hlimination. 


68. Consider the set of three simultaneous linear equations : 


aye + by + 2 = m,> ee On Cyc 
Age + boy +O%=mM,>, andA=la, bh cy 
Cle + Day + 63% = Mz Qs 03 Ce 


°° 3 o 


Multiply these equations by A,, As, and A; respectively, and 
add by columns, obtaining : 


(aA, + Gp Ao+d3Az)% + (0,4, +0,A,+03,A5) y 
+ (Ay + CAs +6345) 2% 
= MA, + m3A,+m,As. 
By 45 the coefticients of y and z vanish; the coefficient of x 
is A=|/a,b,¢,|, and the absolute term is | 7m, by ¢,!. 


Whence ax Litr_be 6s! 
hay Dy ¢s! 


. 
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If we had multiplied the given equations by B,, B, B;, we 
should have caused the coefficients of w and z to disappear in 
the resulting equation, and would have found 


_ 1% Me Cgl 
lay b,c) 


d 


Using C;, ©,, C; as multipliers, we should find, similarly, 


|dy By ms\_ 
he by Sy! 


2 
oo 


69. To generalize the solution of the preceding article is now 
an easy step. Given 
yy ®y AP Aya +++ Ay Wy ++ $F Ain ®y, = My ) 
Ag Xy + Aggy ae Be Carly cds ++ + Cony = My 


eee . . if 
b) e9) 
hy yy + oo +. “1 Gr + wes ne Cn =m, 


eee 


Any + Anghy+ ** me Any, as ay Any Xy = My, J 


] 


and A= | Oi SY i pctrees MURR, Nano, ener al 
ee Ce? a 2 
Ga Cs Of Gn 
| Gy Oy ele Cn, cere Any 


Here A is, as before, the determinant formed from the n? co- 
efficients in the first members of equations I., and is called the 
determinant of the system. 

Multiplying equations I. in order by Aj,, Ay,, .-. Apso» Ans 
and adding by columns, we find : 


(Ay Ay, + AqAy, + +++ + Ay t+ + OA) % 
a va + GhypAy, + +++ + os Spee etc Sng Aan) Wy 


a ae see . . 
=f (rd + a ne 7 ae aoe re mine “ai burl) 
a 


+ Gas —- Ans 5 ea -+ a were how + ai 
= mM,Ay, + mA, ++ + MA, +o + MA) (A) 
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In equation (A) the coefficient of all the unknowns except the 
coefficient of #, vanish, and the coefficient of x, is obviously A. 
The second member of (A) is evidently what A becomes when 
My, My... M, are put for the corresponding elements of the rth 
column. Hence 


lim Ch lpp Gos Wilke s000 Chirp GER COR Eden Ulery Baty ele |tn 
Mo, Clos eee Nby ove Coy, Cy) Cling woe Clo, eee Clan 
ORC nent /(ie dae wire ne Ane Wine ono hes oo, Che. 
Oi 0h cepa. hoc. lie ies Og oe ee wee op 


Translating this formula, we have : 


The value of each of n unknowns in a set of n linear sinul- 
taneous equations is the quotient of two determinants ; the divisor 
(denominator) is the same for all the unknowns and is the deter- 
minant A of the nth degree formed by writing the coefficients of 
the unknowns in order (i.e., the determinant of the system) ; the 
numerator of the value of any unknown as &, is obtained from & 
by substituting for the elements of its rth column the second mem- 
bers of the given equations in order.* 


70. The following modification of the solution already given 
of equations I. will be interesting. Employing the same notation 
as in 69, we have 


aN Gin ho oon lene ono ht. lo 
; Gn Clon 22- Cop Dy, 2-- Gon 
Che) Whee “Gon Cie. Soo) “Elen, 
Cny Ung ee Uny®, eee Ann 
which, by 37, 


* This is the rule for the solution of simultaneous linear equations first 
obtained by Leibnitz, and subsequently rediscovered by Cramer. (See 
opening paragraph of Chapter L.) : 
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S| Oy yg vee My g Nyy By yg Woes yy Vy Ap BE + 
Ag, gg e6 May, yg Wy Chg Wy +++ Choy, 1B, gy, BW, foe 


eee tee tae eee 


Cig © Coe ce | Og Oy 2b Ries oo eee ita 
ee cy rates, 0,0, 
arden Kehr coo ok eale 
SEO an loa ec) Clon 
+a,, ‘t, = 41 = fe 
Sees Grey a ene ngs 


Now substitute in the last determinant the values of the 
elements of the rth column, and 


Poa ee aia ee Ogg NU. «0, Oan'|s 
Cag Ging nee Onpny ~ WMlg. s00 Con, 


es EGE weyces UEP aaa wally Wao. ae 
Lee De terse ORE GRY Win te eile Ong, 
ees | Ay Aig . 2. My woe Any| 

Cri Cog moe rare Ea 


s 


as before. 
A simple example of the methods of 69 and 70 is the solution 
of the following equations : 


5a+3y+3z2= 48 5 3 3 
Q24+6y—3z2=18;. HereA=/2 6—3)=—231, 
S2—Sy+22=21) 8—3 2 
48 3 8 5 48 3} 5 8 48 
18 6—3 2 18—3 267018 
21—3 2 ee) ee eae 8—3 21 
2°. = | ——_'= 38 5 y= | =9; 2= —— = 
—231 —231 —231 
As another example, we may solve the equations : 
yte+u=a Ose Let 
2tu+taz2=b . Sosa) et Se 
utety=c {- Here A= ba Ase 3. 
aty+z=d i 0-0: 
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The student may show that 
w=4(b+ce+d—2a); y=t(e+d+a—2b) ; 
z2=4(dt+a+b—2c); u=s(atb+e—2d). 

71. We have hitherto tacitly assumed that neither A nor 7m; 
(i=1, 2, ...) should vanish. If A vanishes-and m, does not, 
the value of each unknown becomes infinite. If m,; vanishes 
while A does not, the values of the unknowns are severally zero ; 
but when m; vanishes, the system consists of homogeneous 
equations, and their solution is given later. If m; does not van- 
ish, but A and the numerators ofthe unknowns do vanish, then 
we have the following theorem. 


72. If the equations of a set are not independent, i.e., if any 
one (or more) is a consequence of the others, the value of each 


0 
unknown takes the form —- 


Since the equations are all linear, any one can be derived from 
the others only by the addition of two or more of them after 
each has been multiplied by some constant factor. But this 
gives rise in the determinant numerator and denominator of the 
value of any unknown to, two or more identical rows, and hence 
numerator and denominator vanish. 

For an example, take 


Oy, % +b,% +¢,%, =m, a b; Gy 
lg® + O,%, +6 ,%, = My ; ; where A = Qy| dy 05 C)|= 0. 
Oy? y+ 1, Dy Bot Oy Cy Ve= A My | ay b) Cy 
We find 
mM, 0; 
laitg Dy Cs 
oe (ASS oye ee or, a Gal a ce ea or, {21 Oa Mal bs Ma a 
A OF ta A 0 A 0 


For a second example, the student may show that the values 


of the unknowns in the following equations take the form >. 


6a—3y+42= 22 


Bex+2y—52z= 4 
ride 2 
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73. If m=im,=---=m,_,=0, and one mas m, does not, 
we evidently get 


ee MrAny | ; My Ans MnAnn 
= 7 Bg SS ees eS 
A = A : A 
x 2, x 
mene fee er Se 5 My 


Ay = Ayo a A, A 


74. If m=m=---=m,=0, i.e., if equations I. become 
homogeneous, then, unless 2, a, +++ x, are severally zero, A must 
vanish. 


In that case, equations I. become 
by yy B+ Aya Lob ++ + Ay, BF oe + ink, = 0 7 
Ty = Ay By + Cog Pg +++ + Ay, V+ +++ + Ao, @, = 0 
1. = yg M+ Gyo oe $,,.U,+ + +a, 2, = 0 

,= yyy +- Cling Qa ER se Cn Bp - oe - Vy Vy, = 0 


Since #, A =| Gy Cg, Mgg +++ M,+* Uan| =O (Mm, being zero), the 
truth of the assertion is obvious. 
An example is furnished by the homogeneous equations : 


MX, + Myy®y + Ayg Xs = 0 | 
py Ly + Any Vo + Ang Aye —=O '. (£) 
Ag, @y + Ay Xy + gg Xs = 0 J 
Multiplying equations (Z) by An, An, An, respectively, and 
adding by columns, we have 


(Qy An + Ay Ag + Ay:Ag)) 2) 
+ (Gp Ay + M940) + Ag2A51) 22 
+ (a3Ay + GogAny + My3As)) a3 = 0. 


The coefficients of #, and #, are zero, and we have 
irae es 
As a further illustration, the student may show that if 
neye-opy + wxZ+ ry (Ye tye) +r (2 HA) +H (I+ ey) 
is zero for all values of x, y, and z, then 


uvw — uuer— vey — wWwP+ 2wyV0\= 0. 
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Observe that by the given conditions the coefficients of 2, 
y, 2 must severally vanish. 


75. With the help of 74 we obtain an interesting proof of 
the multiplication theorem of 53. Consider the simultaneous 
equations 

(aq —A)%+ 02% + C% =0 
Mot, +(b,—A)t%+ CoH =O eI. 
C3 Xy + bs + (¢cs—A)as = 0 


By the preceding article we must have 


A=|;a@—rA J, Cy 105 
hy bs—XrX 
Cs b, Cs —X 
or V—MN+NA—-P=0; (a) 


where we notice especially that 
P= hay os. ex; 
Let the roots of (@) be Ay, Ag, As; then, evidently, 
P=— >, rp rg. 


Now, from I. we obtain three new equations as follows: 
Multiply equations I. by a, a, a; respectively, and add them 
together; also multiply equations I. by f,, Bo, B; respectively, 
and add; finally, multiply equations I. by y,, yo, ys respec- 
tively, and add. We now have three new equations where the 
determinant of the system is 


A! = |, a, + Cg Ag +t Cs as, = ar 0, a, fe by ay a Dy ds — aX 
Pi + Ay By+ 3 B;— BA 0, By+ Dy Bo+ 0; B,— Bor 
Yi + dey + Asy3— yr O91 + Boye + Ds yz — yor 


C10, + Cyaz + C303 — azrA|= 0, 
€ Bi + C2 By -F C3 Bs — BA 
yi + Coy. + C33 — yg 


or QV — Md2+ NA— P= 0, (b) 
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where we observe that P, is what A’ becomes when we put 
A1=0, and that 


Q=la, By ysl . 
Further, since 

a =—A wA=P, 

( 


it follows that 
P, = PQ= | ay be ¢3| X10, Bo ys). 


But P, is exactly the determinant obtained by 53, and this 
was to be shown. 


76. The condition A=O being fulfilled, the equations no 
longer determine the actual values of the unknowns ; they deter- 
mine only the ratios of these values. For, if a’, 2,', ... 2, 
satisfy equations II., so will ha,', ka,',... ka,', k being any factor. 
Any n—1 of the given equations will suffice in general to de- 
termine the ratios of » —1 of the unknowns to the remaining 
one. An example will make this clear. We employ for brevity 
only three equations : 


e+ hy +2 =0 
yt + Igy +C,2 = 0 ¢ (a). 
0 + DY + C32 = 0 


Write these equations 


ee =~) (bd). 
y 
wv Z 

ds —+ ¢,- = — by 
y y 


4 


From any two of equations (>) we may find the values of 


* =. thus from the first two 
yy 
x ID, col, 2 [a dy 
ote i ihn ee 
el JQ Cy] | | 
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Again, equations (b) are to be simultaneous; hence these 


values of = and = must satisfy the third equation. 
y y 


Substituting, 
Gig Oy Cy) = Bgl Uy Col 4 C1 Oy 03) = 015 
or (N=), 


: ‘ ‘ x 
Since from the preceding equations ~ also equals 
y 


Id, cl By 6s 
~ [Gy |< [Ge esl 
we have Boy ly SAS 


In the same way, 


and hence 


eA; _ A, _ A, 
STE G eee ees 
or, 
AMERY ie fens BUY Sat 6 
PAs 
Sai vale Tore Oh 


That is to say, The ratio of any two unknowns in a set of 
homogeneous equations is equal to the ratio of the cofactors in A 
of the coefficients of these unknowns in any of the given equations. 


The general proof of the proposition just stated may be given 
as follows. We have to show (equations II.) that 


Hy 3g PHy is! <0 5H, ees Cee Ay hg 3 Ale ete eda eterna 


esval¢ Ag : As: ewes Ag eee S Ai, 


Bone : Ang : Ang ope is ve, Dee mittee ae 
If these proportions are true, we must have the equations 


Dp= AA,, (A = constant; p=1,2,--- 7). (£)) 
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The equation 
Cb jx pl =F AA ns iF oy ae Cents ae ae aE ee. ae = 0 (E,) 
is always true, whatever the value of p, since A is itself zero. 
Substituting in (#,) the values of 


Ma A aA 


pn 
as obtained from (£,), and multiplying by A, there results 
Gy EBay Ayghg +++ by, + +++ + Ay, = 0. 


This last being a true equation, the proportions from which it is 
derived must hold.* 


77. From the last article, or the two preceding articles, 
we deduce the important conclusion. In order that n linear 
homogeneous equations may be simultaneous, it is necessary and 
sufficient that the determinant of the system vanishes. In that 
case any one of the equations is expressible linearly in terms of 
all the others, provided the first minors A, do not all vanish. 
For we have in general, A being zero, and /,, /,, .../, repre- 
senting the linear functions of equations II., 


kA, + Ay + --- + LAr =0; 


hence, if one at least of the first minors A),, Ay... A,, is not zero, 
as for example A,,, /; must be expressible linearly in terms of 
ley Igy -+-t,, and hence /,=0 is superfluous. If all the first 
minors vanish, and one at least of the second minors does not, 
then, similarly, it may be shown that ¢wo equations are super- 
fluous, the system being doubly indeterminate, and so on. 


78. Among the proportions of article 76 consider the 


following : 
ot We 2s. 08" By = Ayy td yg 9 Ang 29* Anns eg 


* This demonstration applies of course so long as the first minors of A 
do not all vanish. 


R252 
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Aj, Ano» Ang: ***Ann ave, none of them, functions of the 
coefficients of the last equation of set II. in 74, 


Any? y Ae Aygk ye fy Ang Vs, aoe 0a Any ® in, 0. 


Hence, Sa aeeeer (P) give the ratios of the unknowns 
%, Vy, Wy, ++ @,, that satisfy the n—1 equations 


Ay, + My. +--+ 4+ 4,%, =O | 


Bates PEt Ea a Oy Tis 


(Oi ete ae pee wnt Caer) J 


if we denote by A,, the determinant formed from the co- 
efficients in equations III. after suppressing the first column of 
terms, by A,. the determinant formed from the coefficients of 
equations III. after suppressing the second column of terms, 
and so on. Hence having given n homogeneous equations con- 
taining » +1 unknowns 


Gly By + yg 28+ + qn Ca = 0 
Cig, @y “Ag Wo + +++ + Monti Uni = 0 eV, 


see eee wee oe 


Ayy By Any +2* + Ann Pnia = 0 
we find the ratios of the unknowns as follows 


: aa Hal E 
put A;=(—1) "| Gn Qi 24 Gy Oey ** Ging |- 
| 7) a 2s tees 


| Ony (9 “eh On j—1 Cy y baie Onn+1 | 
Then from what precedes 
Wy 2 By 2 Wy s o0+ 2 Wary = Ay? Apt Ags oot Ana. 


79. Consider the following n equations containing n—1 
unknowns. 
yh MyoMy ee? + yy ny +p, =O 
Cyy Ly Aggy” +++ + Mn n1 +po =90 


aun 
Oey On 199 aa Bese + PT Meri Le pecan poet Ol ah 0) | 
yl, + Ano. est Ayn ln +P, =0 - 
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Equations V. may be made homogeneous by multiplying them 
by wu, and regarding x,u, aw, ...,u, u, as the unknowns, wu 
being any arbitrary quantity. Whence, if these equations are 
simultaneous, we have by 77 


Mae May os Bina ee 0) 
(Aly ing vee Moy Ds 

| . . oe oe 

| Gy —1- Uy—goe02 Un—tn-1 Pn-1 

| EO SU Re Pn | 


This result may be expressed as follows: n equations (not 
homogeneous) containing n —1 unknowns are simultaneous if the 
determinant of the nth degree formed from all the coefficients 
(the second members of the equations being included among these 
coefficients) vanishes. 

This condition could also be derived from equations II., Art. 
74, by putting x,=1. Those equations, » in number, then 
contain »—1 unknowns; and if the equations are simultaneous, 
we see that |q,,,| must vanish. 


80. With the help of the preceding article another solution 
of a set of linear equations may be obtained. For brevity we 
employ only three equations : 

(1) Uy Wy ao by Vo ae Cy Xe = My, 
(2) Ay By + Dy Ay + Cy My = My . 
(3) -Gg&, + Dy My + CyXy = Mids 
Take with these equations another, 
(4) gary + Og ay + Cys = M4, 
which we suppose consistent with the first three, and in which 
(4, Dy Cyy Mg ave undetermined. By 79 
lay By Cy m= 0; 
or, ty Ay + 0, By + 0,0, + mM, = 0; (5) 


where, as usual, 
A,=—|b; cms] 3 By=|a) Co msl 5 


M= lay D5 | == A. 


O, = —| ay by mz) 5 
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Now if we eliminate m, from equations (4) and (4), we get 


(ty G ate ae +d, ( + A + Cy G ae = == (6) 


Since equation (6) must be true whatever the values Of (4, 04, Cay 
the coefficients of a4, by, ¢, severally vanish. 


nape ete Mn etiPe Jeera 
ee ? oa D 3 ’ 
A A ; A 


OF; re |i, do Cs] sees [iy Mz Col , [dy by ms] 


A . i ame A 


4h = 


81. Let us now return to equations I. Art. 69. Considering 
My) My, Mz, ... M, aS linear functions of the a’s, we can express 
any new linear function 


Cy @y + Cy My + +*> + 6,2, = Y 
in terms of the m’s. 
Thus, if we have given 
Cy Oy Cs Wy aie ee ee Mega 


Cy @y ae yg Vo aF a ot nL, = My, | 
Cay @y + Cyn @y + s+ + Ay ®, =m, VL, 


| 
aed 


Ay ®, + Ayo --- + Ana Vn = My 
‘by 79, 
Al=|¢1 © see Cy YY 2= (0) 
Chim hpu toca, bin, Un 
(ls, gn +0. Clo, Mo 


see nee ee eee wee 


Wh XU petro. tae he EE 
Now if A=la,,|, we readily obtain 
ANT YN ee gas 
or, — £yAH=] & a Ome 


yy Cy sae Gay Mey 
ih) (bee Soo. Wl, De 


ny Ung ++ Onn My, 
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82. We have seen that if » homogeneous equations are to be 
consistent with each other (simultaneous), the determinant of 
the system must vanish. The equation 


Az (0 


then is an equation of relation between the coefficients, and is 
really the result of eliminating the unknowns from the given 
equations. We shall soon investigate this resulting equation of 
condition or resultant in detail. We here deduce a general 
form by which the result of eliminating » unknowns from p 
given linear equations, supposed simultaneous, may be ex- 
pressed, p being greater than n. 
Given 
Gy XM + Ay % + +++ + Ay, 2, = 0 
gy By + Clgg Ly + +++ + Ayn ®, = 0 
~_ = are or re VIL. 
yy © + Ayg We +--+ +4, %,, = 0 


Oy Ly ote a a) + Y: a5 Any Ly, = 0 


If these equations are to be satisfied for other than zero val- 
ues of the variables, the determinant of the system for any ” 
of them must vanish by 77. The equation expressing this con- 
dition is obtained by writing 


yy Cy9 see Ain => 0. 
Ay Age Can, 
(i) 
Any Ang Onn 
Ay Ape Cyn 


Equation (M) is accordingly interpreted to mean that every 
determinant of the nth order formed from any n rows of the 
matrix on the left must vanish. For an example the student 
may eliminate the two ratios a, : 2: , from the five equations 


G0, 40,0, +¢,4,=0 (¢=1,-2,...5), 
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obtaining the equation 


| @, 0, ¢, j= 0, or jf} a, Gy Gs G& a; ||=9. 
rina een ee as ae se 

Gh, “Wo Os Gi” Gy Oy Oe: 

On Oe on 

las 05 Cs | 


83. Suppose we have given 


Cyt + Dia. + Ca, + da, = 0, 

(py Doty + Cot, + doy = 0, 

Cys + Oya  CyA3 + Ayre = O 5 
then, by 78, 


Go, Ny? Oy tatg== Tyg Ogl s — fay G Oy] 2 1Gy Gy asl — ey Onl 


Substituting the values of 


we get the relations 


(ty | By Cy ds | — by | dy Cy dg | +e, | dy by dz | — d,| a, by eg | = 0, 
y| dy Cy ds | — bg| ay Cy dg | + ¢2| ay by d3| — dy | ay by e3| = 0, 
as | by C2 ds| — b3| ay Co ds] +.¢3] dy be ds] —ds| a, dy | = 0, 


which are all expressed by the matrix 


Gh (oH 6) eh 


To generalize this, we return to art. 78. 
From equations IV. we found 


a 5 Wo: Vet siete Cna7 = A: A, . As siere Anwe 
Substituting in equations IV. the values of 


uy Unt 


Rae ieee MU me) 


Hie = lib: ae 
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given by these proportions, we have 


My Ay + MypAy + ++: 
Cy Ay + Agno + -- ip (ly, A 


wee eee 


hg&) + Gods + - ares 5 


AyjAy + God, +++» +4, 


These n relations are 


Care 
iy a 


voice gens 0 


| %1 As 
Ag, Ax 


A, + SS Minty AG = 0) ‘| 
pane ete Conta ee a = 0 


. 


ro. CR) 


pos: cen ety = 0 


expressed by the matrix 


II 
ha 
a 


naa yn Cn41 
Mon ony 


amd Con Orn 41 
s2* Gun Ant 


We have accordingly, in general, from a matrix of the form 


M, the following relations : 


yy |Oqg Cyg 2° Gy oe Ay Ganz 


Gog Clog *** Cy, + 


fm eee H(A 1)" Gaga] Gn 


Cy Cnyg neal ny “she Oy Qnn+41 


— Ayg| Aq, yg eee My, oes Cy, Anyi 


Mg, Ugg *** Az, *** Gon Conti 


wee ase ions wee isae™ usipie nee 


yy Ayg °°? yy 9% Cyn Conga 


tee re eee 


yy Ong °°? Any 2** Ann Ann+1 


Cin ses ype 28 Oy | ee 
Ging 22° gp °e* Con 


pas es (mtb, nies * Onn 


in which r has successively all values from 1 to 7 inclusive. 
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84. We will now select a few examples to illustrate the 
foregoing processes from the vast field of application. 
I. To find the condition that three right lines shall pass 
through the same point. 
Let he + by +¢,=0° 
age + boy + Co = 0 (A) 
gt + bay al. Cs — 0 


be the equations of the lines in cartesian co-ordinates, and let 
#5 Y, be the given point. Equations (A) must be satisfied for 
U= 2), ¥=Y,; hence 


Ma, + dy, + = 0 


AA + Delpy + Cy = 0 (B) 


Ag% + Dsify + C3 = 0 
But in that case, by 79, 
|y bo¢3| = 0, 
which expresses the required condition. 
II. To find the condition that three points shall lie on the 


same right line. 
Let (a, M1) > (25 Ye)» (#3, Ys) 


be the given points, and 
ye + by + 6, = 0 
the equation of the line. Then 


ay + dy, + 4 = 9, 
Aga + Doo + Cy = 0, 
Og03 a. bss + Ce = 0. 


Whence the required condition is 


X on 1 = QO. 
% Ys 1 ‘ ? 
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As an application of the present example, we show that the 
middle points of the three diagonals of a complete quadrilateral 
lie on the same straight line. 


The three diagonals being OC, BA, B,A,, and their middle 
points F, D, EZ, we have to show that Ff’, D, E are on the same 
right line. 

Take the vertex O as origin, and the sides OA,, OB, as axes 
of reference. é 


Put Cy — OA, Cy = OA,, by, = OB, by — OB,. 
The co-ordinates of D are =e = and the co-ordinates of H 
are a 22, The abscissa of F is half the abscissa of C, and 


the ordinate of F is half the ordinate of C. Hence we have 
to find the co-ordinates of C. The equations of AB, and A, B 
are respectively 

a A 1, or bet ay=ab; 


ne ee 1, or Dye t+ doy = by. 
b, 


Whence the co-ordinates of C are 


Gb, a! by  Aydo 
(yD, Ag b; yd, 
Shiieemel ee eee cs Sa ) 
by Cy De Cy 
\ 
by (hy Db, Cy 
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and the co-ordinates of /” are 


(ly (ty (bg — Dy) by by (dy — Gy) 
2 (Dot, — Dy, ae (Dytty— by) 


Now, by equation () above, 


A=| an db, : | ea) 
2 2 | 
Op by 1| 
2 2 | 
(ty Uy (by — 0) by b.(dy — ay) | 
DON 0d) | Ga, Oa) | 


if the three points are on the same straight line. 


as 1 Cy Db, 1 
4 (by — 0, 4,) Cle by 1 
(by —0,) Dy Dg(dg— Ay) Dy ty — Dy y 


Now add the third column of this determinant multiplied by 
— a, to the first column ; also add the third column multiplied 
by — 6, to the second column. Then 


i 


¢ 0 0 me 
4 (Dy dy ace b, a) 


(ly — Cy by — Dy 1 
Cy Dy (ay > om (ly) Cy db, a by) by (ae) =" by Cy 


which is obviously zero. Hence ’, D, £ are on the same right 
line. 


Ill. To obtain the equation of a circle pussing through three 
given points. 
The general equation of the circle is 
(a? +y°) +2ax +2by +c=0. 
If (a, %)5 (@25 Yo), (Ws, Ys) are the given points, 
(a? + y”) + 2 aa + 2by,+¢=0, 
(22? ++ Yo?) + 2 ay + 2 by. +e =0, 
(as’ + Ys") + 2 aay + 2 by; +e=0. 
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These four equations are simultaneous for the parameters 
a, b, ¢; hence, by 79, 


| Pty Qe Vy 1 
yyy 2%, 2y, 1/=0, 
» 2 2 Sins 9 ( C ) 
y+ Yy 2% ZY. 1 
ty ys 2a 2yY3 1 


which is the equation sought. 

That equation C is the required equation of the circle deter- 
mined by (2), 4%), (#25 Ye), (X3, Ys), is obvious from the form of 
the first member. The determinant when expanded obviously 
gives a function of the second degree, and having the charac- 
teristics which distinguish the equation of the circle. Moreover, 
this equation is satisfied for t=2,, y=%, since in that case 
the determinant vanishes. The same is true if r=%x, y= Yo, 
or =H, Y= Ys 


IV. To find the relation connecting the mutual distances of 
four points on the circle. 

We must have, if the points are (a, %), (®o, Ys), (3) Ys)5 
(a, Ys), &® determinant equation just like the last one above, 
except that the first row of the determinant will have the sub- 
scripts 1, the second row the subscripts 2, and so on, the last 
row having the subscripts 4. 

Accordingly, multiplying together 


% Y *+y? 
Wy Yo Wa + Yo? 
We Yg Wy + Ys? 
MY, a ty? 


~ 


atyy —2ay —2y, 
ty? + Yo —2e% —2Ys 
ve + yy —2 Vs << 2 Ys 
ee tyy —2%, —2% 


ae ae 
— — fe pe 
3 

s} 

= 


which are two different forms of the first member of equation 
(C) above, we obtain the required relation 


Q (12)? (18)?- (14)?;=0, 
(12)? 0 = (28)* (24)? 
(ps (gaye OG, yt 
(14)? (24)? (34)? 0 
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a 


in which ; 
(12)?=(% — %)?+(y%—Y)*, (138)? = (4 — as)" + (Yi — Ys)”, 


and, in general, (ik)? is the square of the distance between 
the ith and kth points. 

Expanding this determinant by 63, III., and adding and 
subtracting 4 (12)? (18)? (24)? (84)", we obtain 


[ (12)? (34)? + (18)? (24)? — (14)? (28)?]? 
— 4 (12)? (18)? (24)? (84)? = 0. 
Whence 
$[(12) (34) — (13) (24) — (14) (23)] 
— £42) (84) — (18) (24) + (14) (28) J 
x {[ (12) (84) + (18) (24) — (14) @3)] 
[ (12) (34) + (18) (24) + (14) (23) 2 =0, 


or (12) (84) + (18) (24) + (14) (23) = 0, 
which expresses the condition sought in its simplest form. 


V. To find the condition that two given straight lines in space 
may tntersect. 
(a) Let @—a  y—B  z—y (1) 


Oe Oe yiee Bi caaa yt (2) 


be the equations of the lines. If these lines intersect, the 
plane petqy tre=a 
may be passed through them, and we must have for the first line 
pa +98 +7y ht (3) 
pa, + qb, tre = 05’ (4) 
and for the second line 


py t+ gitry, = d \ : (5) 
pay + gbo+ re, = 0 (6) 
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From (3) and (5) 


Pam) +9B-B)+r(y—pn)=0. (7) 
(4), (6), (7) being simultaneous, the required condition is 
Ay dD, Ci ==()))- 
Ay bs Ce 
a—a B—Br y—yn 
(6) If the straight lines are given by the equations 


He+bhy+tez=d, ) 


yt + boy +2 = dy J” | St 
sl + bsy + ¢3z = ds | ; (2) 
ae + byy + 042 = dy J 


these four equations are simultaneous for the point of inter- 
section («, y, 2), and the condition of intersection is 


(as05€; 0,0: 


VI. To find the equation of a plane passing through three 
given points (2, Ns %), (Xo, Yo Zo) (2g, Yo5 Zg)« 
Let the plane be 
aQe+tbhy+o72=d). (1) 
We must have 
HA+AAAGY=h 
ly Ly + 0, Yo +O % =A, >. (D) 
(ly Xz + DY + 4% = 


Equations (D) and (1) being simultaneous for the para- 
meters a, 0, ¢, d;, we have for the equation sought 


x y 2 1\=0. 
% 4 I 
®y Yo % 1 

1 


v Ys % 
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VII. An interesting application of determinants is afforded 
by, the following problems. 

(a) To extend a recurring series of the rth order without 
knowing the scale of relation. 

As is well known, a series of the form 


Up ae We + Uy a” +e sagt == Un 0 ain Bes ata Uy, E a ks 


is a recurring series if the relation of any 7 +1 consecutive co- 
efficients %,, Uy1, ++ U,_, can be expressed by a linear equation 
(the scale of relation). Under these conditions the series is 
called a recurring series of the rth order. Every such series is 
accordingly determined when 27 of its consecutive terms are 
known. If all the coefficients, with the exception of the 27th, 
are known, this last is easily found. By the conditions of a 
recurring series 


Uy A Pylly_1 + Poty—9 + Pytly_-g Fe + Pata +Pto =O | 
Urg1 Pb Pil, — -F Pytly_y + Pglly_g + + Pye + Pry =0 | 
J 


Voy Prllo, oF Pollo,3 + Plana 2+ + Prat, A DM,r= 0 
Uo, Plo, Psa, Pstlopg 0 + Pp aUrgit Pit, = 0 (Ff) 


Now, by 79, 


Aly, Usy—9 Uoy—g Ugyig cos Uy Uy 4 


Uo, Ua, 1 Uo, 9 Ua, 3 ete Ups WU, 


whence w., is found by expanding the determinant and solving 

the equation. é 
To find w».,; we have only to increase each subscript by unity. 
Applying the above process to extend the series 


Ltotber+182°+4.-., 
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we find 
Pas oY 1-4 (By ee baz ete 1S: at 
| Los 7k w, 18. 5 |=0; Us uy, 18)/=0; 
€ r= ¢ | 
| Uy Lowe Us U4 1S | | Ug Us Uy 


oO 


whence %—=41, w;=121, w,=3865. The'series is accordingly 
l+e+5a°4 130+ 41at+1210°4+ 365a%4+..., 

(b) To find the generating function for any given recurring 
series. 

Since a recurring series is always the quotient of two integral 
functions, of which the divisor is of a degree higher by 1 than 
the dividend, we may find the required generating function by 
indeterminate coefficients, as follows: 

Assume the given series 


Ag+ Ay @+ ye? +++ Seles es (T) 
1+ pyat pow? +++ + par 

(after both terms of the fraction have been divided by the first 

term of the denominator). 

From the first 7 of equations (/”) of the preceding example 
we can determine the constants 7, +... p,. We may therefore 
find the seale of relation. We have from equations (/’), after 
obvious interchanges of columns, 


Up+ Uuye+ usar +.» +ty a= 


—soEE Ws te? Unao Up 4 
= Ups, Us = le sae wl; 
eS Uppo Ug oss Uy My 41 


ly gest Ug Ugh 


pn Uy 22 Udpag Mapero 


Having determined the constants p), P.-.-P, We need only 
clear equation (7') of fractions; and then, equating the co- 
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efficients of like powers of x, obtain the usual linear equations 
from which qd, a, d)...d,_; are found. 
For an example, let us find thé generating function of the 
series we extended in the last example. 
Put 
Cy + A,” 


1t+oe+5e’?+138e°+ 410*+...= —,=f(%). (Ty) 
1+ pe + pow 


Here 
Uyea ll, Whe lk. Wy se a)4 coo 


5+ p, +p=0). 


: 2.0, =— 2, )=—s. 
138 +5p,+.=05 si ee 


Substituting in the second member of (7%), clearing of fractions, 
and finding the values of a and a,, we find 


i 1l—@ 
Nee aaa 
85. The coefficients of the quotient @ of two polynomials 
P, and P,, and the coefficients of the remainder Rf, can always 
be expressed as determinants in terms of the coefficients of _ 
Prand £5. 
The method employed in the following example is applicable 
in general. 
Let Py = Ay + a2 + aga? + ga? + ye + a; ; 
Py = by @? + O20" + bo% +b; 5 
Q =H + U& + Hs 
RE=nw+re +7. 


Now P.Q+R=P,; 


hence Oy = Do Qo, 

a = 1G) + oh; 

tly = 020 + O1G1 + Do Go, 

(ls = Ds Qo + bei + 192 + 15 
Cy = 391 + bog. +1, 
As = b39o +7. 


fe 


(p) 3 


es 
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From the first three of equations (p) we can find gq, gs go, and 
then taking the first three with each of the others in succession, 
we obtain 7, 71, 7. For example, 


be Ge =) Gn OR an.| Oh On edie 
VO, 05 @ Oreo Oh Was 

|b, 5, Me | | Oy (Ok Mele GIS! 

bs by b, Cbs | 


pee oa 


Let the student find the remaining coeflicients. 


86. The coeflicients of any equation can be expressed in 
terms of the roots as the quotient of two determinants, as fol- 
lows. The method employed is applicable in general. By 
reference to examples 6 and 7, page 37, it is readily seen that if 


S (®) = @ — aa? + doe — dy = (a — a) (w@— B) (@—y), 
we have 


ieee pet oul |=— (B—-y) G—2) (a—B) (w—a) (w@—f) (a#—y). 


Ca ee: ad 
| ? a Bp’ y 
Expanding the first member, 
sla 6 yltell 1 ij-e1 1 1 | 2" ls: | 
i? Boy~| lek Py] ja B i aos Ogio 
la? Bp yi la? B y' ne B y’ lez Bp? y? | 
=| Ie I 
| a By | (a@—a,a? + dou — dy). 
la? ~ | 


From this identity the required expressions in determinant form 
are at once obtained by equating the coefficients of like powers 
of 2. 


87. With the aid of determinants we readily find the sum of 
the like powers of the roots of any equation, as follows : 
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Let 8), So, 8... 8, Genote as usual the sum of the first, sec- 
ond, ... nth powers of the roots of 


a +p (el + Pro Ce ae kL Aili 1% yO = 0. (1) 


Then from the theory of equations we have 


Pr + =0 
2p» +718) + 82 =0 
3 Ps +25 + pis. + 83 =0 


(n = )Pn-1 ae Pn—-281 + Dn—38a+ Pn—483+ cee Sy -1 —- 
NPn + Py 181+ Pn—28o+ Pn—s83+ *** + PS,1+$,= 9 


From equations (S) we obtain at once 
a (—1)” Py 1 
o Ps Pz Pr 


(n—1) py Pn-2 Pn-3 ana ~P1 1 | 
NPy Dyk. Prag oo Pe Dp, | 


Tf in (1) the coefficient of a had been po, we should, of course, 


n 
have to write in the value of s, just obtained, (=) instead 
Po 
of (—1)”, and p, instead of 1, for each element of the minor 
diagonal of the determinant. If n=3, and n=4, the above 
formula gives 


Sy 1 Dy dee 0 and, sy, Le ey 
20> p, 1 ao Hy tk AG, 
SPs Po Dy 33 Do py 1 
respectively. 4Ps Ps Po Pr 


88. Equations (S) can also be employed to give the value 
of the coefficients in terms of 5s, 5, s3....8,, by solving these 
equations for the coefficients. We find 
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n 
pee it 0 0 ean 
Ci eae ! : 4 > 
n So 8} 2 0) Oh 8) 
S3 Sy s) 3 0 0 
Sn-1 Sn-2 Sy_3 Sn—4 oy tt i 
On Sy-1 Sp—2 $3 So Sy 


If, as before, the coeflicient of #" in equation (1) had been py, 


. . ° =, -— » x ss 
we would write in this value of p,, ( .) instead of er 
n! n! 


1ieij—3, and 1 —A, 


p= is | Spek 0 5 ee isa, SE Gh eats 
6) 8s. 8, 1 PEL Sp GG 2 O 
33 Sp Sj Cee 
Sy Bly 9 oh 


89. Any differential equation of the form 
Ys + Xy Yo +Xoyi + Xsy = 9, (1) 


in which ¥, %; Y2; yz; denote a function of x and its successive 
derivatives respectively, and X,, X», X; are also functions of a, 
can be reduced to an equation of the next lower order, provided 
a particular solution of (1) is known. 

Let y=z satisfy equation (1). Then 


23 + Xy 2 + Xyz, + X32= 0. (2) 
cal 
Put U=[— ZY VS mM. 


Then, as above, denoting derivatives by subscripts, we have 


—v +2y,-—“y =0. 
— UV, + 24Y_— ty = 0. 
— U2 + 23+ “Yo — if — %Y = 0. 


These three equations and (i) are simultaneous ; hence 
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A=|1 X, XA X,y . |=0 
Oe 8) Zz SS) | 
Cig ee My | 
2% —%y —Ve—2sY | 


Now multiply the fourth column of A by *, then add to the 
y 


fourth column the first multiplied by 2s, the second multiplied 
by 2%, and the third multiplied by 2, and we have 


Nee ane 0 |=0; 
0 QO @ —t 
Oe O —2, 
Z 2 —% —Vs 
or Vo% — V1 (%,— Ny 2%) + U (4 + XQ2) = 0, 


which is a differential equation of the second order. 


Resultants, or Hliminants. 


90. If we have given a system of » homogeneous equations 
containing variables, or, what amounts to the same thing, 
m non-homogeneous equations containing »—1 variables, it is 
always possible to combine these equations in such a way as to 
eliminate the variables and obtain an equation of relation be- 
tween the coefficients of the form 

0, (1) 
#, when expressed in a rational integral form, is called the 
Resultant or Eliminant of the system. In 77 and 79 we 
pointed out the fact that the equation #=0O must hold be- 
tween the coefficients of a system of equations if they are 
consistent with each other (simultaneous). In the examples 
of 84 we repeatedly found, the resultant of given systems of 
equations. Among the most important problems of elimination 


is the following: to jind the resuitant of two given equations, 
containing a single variable. 
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We consider first 
Euler's Method of Elimination. 


91.. I.. Given 


ST (®) = poe + pyru +p. = 0, (1) 
and P(X) = We + We + Ge. (2) 
If these equations have a common root, we must have 
S(@ 
aah), a (b,x + by), 


in which @, d., 0, 6, are undetermined, since 7 is unknown. 
Then 
(dx + By) (py X* + pre + Po) = (1B + My) (Go® + Gk + G)- 
Whence the equations 
Oypo+ 0 —h Go + 0 = QO. 
Dy Py + bop) — HA — 2G = 9. 
Dy po + b2p; — Jo — ai = 0. 
0 +bopot 0 —doq.=9. 
Hence, by 77, the resultant is 
R=|p 0 @ O|=9. 
Pi Po hn 
Po Pi Ge NH 
0 p O & 
II. In general, let 
S(&) = Por™ + pix + pox” * Fe) FDm1® + Pm = 0. (1) 
(x) = Yor” ae qe Se qou"* se a Se Qn-10 ar Qn = 0. (2) 
Let 7 be 2 common root of (1) and (2), and put 


we 9 ene * 
i ) = ae + Ay Hae ote oa oe Cy —1 =a Un, asf (#) ? 


— bya? + bya? $f vee +O, 1% +d, = Gril); 
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in which the coefficients (), Gs, +++ Un, D1, Yo, +++ 0, are unde- 
termined. Then 


A(x) $(#) = b:(2) f(@). (I.) 


From the identity (1.), by the theory of indeterminate co- 
efficients. we must have m+” homogeneous equations between 
the m+n coefficients a), do+++M,,, 0), b+: 6,. Hence the de- 
terminant of the system of these m+ equations must vanish 
if (1) and (2) have & common root, and the resultant sought is 
accordingly this determinant. 

As an application of Euler’s method, take the following 
example. ‘To find the conditions that must be fulfilled when 


S(®) = pow + pie + poe + p;= 0, (1) 
(2) = We + ne + Gow + q;,= 0, (2) 


have two common roots, 
If (1) and (2) have two common roots, two factors of f(#) 
must be the same as two factors of ¢(#). Hence 


(a+b) ( pot? + pix + Pox + ps) = (cx + A) (Gor? + Git? + Go@+Gs) 5 
where a, 0, c, d are indeterminate coeflicients. Whence 


apy + 0 —eq~+ 0 =0. 
ap, + bpy — cg; — dq = 9. 
(py + bp, — Cd. — dq, = 0. 
aps + bp, — eqs — Ugo = 0. 

O +bp,+ 0 —dq,=0. 


From every four of these five homogeneous equations we obtain 
a determinant of the fourth order whose vanishing expresses 
one of the required conditions. Hence the conditions sought 
are expressed by the matrical equation 


Po Pio Ps Ps O |=. 
0 Po Pi Po Ps 
nH & ® YO 

0 G& % G | 


APPLICATIONS AND SPECIAL FORMS. 118 


Sylvester's Dialytic Method of Elimination. 
92. I. Given 


Po?’ + PX + pre + ps =0, (1) 
H+ que + q = (0h (2) 


Multiply (1) successively by a”, x, and (2) by a’, a, 2. Then 
we have the following system of equations : 


Po’ + pe + pra? + psa? = 0. 
Pot + pia? + pra? + psx = 0. 
GoW? + a4 + Goa? = 0. 
GoX* + 0? + Goa? = 0. 


Ge? + Ma + goa =0. 


We may consider these equations linear and homogeneous with 
respect to 2’, a, a’, 2°, «, considered as separate variables. 
Hence 

=|po Pr Pe Ds 0 | =0. 
0 Po Pi Po Ps 
to a % 0 0 
0 Yo fh Yo 0 
0 0 HH & 


Il. In general, let 


J(“) =) a + pw = as + Pm % Pe ae 0, (1) 
p(X) = Fox" + qe" 5 Ay + J, -1% + GY, = 0. (2) 


If we multiply (1) successively by x, a°+-- a", and (2) succes- 
sively by w, a---«", we obtain a system of m+n equations, 
linear and homogeneous, with respect to a, a, x, ---w"*" con- 
sidered as separate variables. From these equations we elimi- 
nate the variables by 77 and obtain the resultant in the form of 
a determinant of order m+ %, 
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ves 


ll 


| Po Bi Pact? Pa Pn+i Pn+e *** |= 0. 
Oi» Po Dire Dra ee Pn+t °° 
OO Po: Pee eee 
ole Gne | ps COSMO. 0 0 
Oe “Gir Gaan G 0 
OF 0 806%": Quse -Oaea Gn 


It is evident from the form of & that the coefficients of (1) 
enter R in the degree of (2), and that the coefficients of (2) 
enter R in the degree of (1). 


Cauchy’s Modification of Bezout’s Method of Elimination. 


93. I. Given 
PoX? + py x + pow + ps = 0, (1) 
and Hx a5 Q x AF oe + q3 = 0. (2) 


Transposing and dividing (1) by (2), we obtain suecessively- 


Po __ Pr B®” + pe® + py 
Ar. = SMe 
Yo He + qo% + qs 
Petr —-_ Pa + ps 
Got +H GoX + Ys 


Po® +Pt+p. — Ps 


He +Hne+G Ys 


Clearing these equations of fractions, we have 


(Pod — GoP1)® + (Po G2 — YoP2)® + (Pods — WPs) =0, 
(PoG2— Jo Po) ® + L(Pods— GoPs) + (Pi9o— MP2) |@+ (1s —p;)=0, 
(Pods — YoPs)® + (1193 — GPs) ® + (pods — JoPs) =0. 


Eliminating @ and a, regarded as distinct variables, from 
these equations by 79, we find 
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R= | Ip al | Po Gl Po dsl | = 0. 
lPo Gel | Podsl+lii gel |r gol | 
| Po Ws| LDr Ys | Ps Ys\ | 


The resultant is found by this method in the form of an axisym- 
metric determinant,* whose elements are easily written, as we 
shall show by another example. Let the given equations be 


Pot! + pe? + pow? + pyw + py = 0, (1) 
and Gout + qa + qt + 95% + Gg= 0. (2) 
We have, as before, 
Po = Prt? + pow" + py@ + ps 
do Le + ox + qau+ gy 
Pol +p a Pot + pau + py 
Yor + Hy qoX” + Q3% + Uy 
. E 
Pot + PX + Pro _ Ps& + Ps (4) 
GU +UNe+G Jat + U4 
Pov’ + piv” + pow + ps _ Ps 
HUN +GHt+ds 
Clearing equations (/) of fractions, we have 
| Po Hla? +] Po Gal 2” +1 Po Gsle +1 po Yl =0, 


| Po Gala? +[ | po dsl +1 pr qo! Ja? + [| po Gil +1 pr qs| )@ +1 pi ul =0, 
| po 9312 + [| po dal +1 pi sl Ja? +[ lpr Gil +1 Do Ys| Je + lp. g.l =0, 
| po Qala? +1 pny Gel2? +1 po Gala +1 ps G4! =. 


Hence, as before, the resultant is 


R= || po ul | Po Goh | Po Ql | Po Gal | = 9. 
lpo del | Po Usl-F la Ge! = Po Gal Fl pr dsl = La a! 
Ipods! po Gal tli gs! lpr Galt] pe ds! |e a4 | 
| Po al | pr Qs | Po Qa | Ps Us! ie 


* For symmetrical determinants, see 107. 
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To form this resultant directly from the equations, write the 
two symmetrical determinants 


[Pol 1p0 9! Ipods! Ipods}, and |\p1 Gl | Pr dl], 

lp Gal po G31 |Po dal lpr gal 171 sl | pe qs\ 

Ipods! |po dl lpr gal Lp ga 

Ipods! Ipr dsl Ie dal Ips al 
formed from the coefficients of (1) and (2) in an obvious and 
easy way. It is then evident that R is formed from these two 
determinants by adding the elements of the second to the four 
inner elements of the first. If the equations are of the fifth 
degree, the student will form the resultant in the same way 
from the three determinants 


| Po Gl -|Po 92! | Pods! | po Gal | Po Gs! |, 12, Ql |p. dsl lpr gal, 
1 Po G2! 1po9sl 120 ¢s1 |Pods! |p Ys 1719s) |pidsl | po gal 
|Po Ys 109s! |po 9s! lar gs Pe Ws lpi Ql |p Ql | Ps Ql 
{Po Qs! 1p0451 |r dsl leds! | ps 9s 

|Po95| |pidsl |pogsl lps dsl Lis as | ps Gl 


by adding the third to the middle element of the second, and 
then adding the elements of the second to the nine inner ele- 
ments of the first. This process is, of course, general. 

From the preceding examples we see that by Bezout’s method, 
the resultant of two equations, each of the nth degree, is a sym- 
metrical determinant of the same degree whose elements are either 
determinants of the second order or the sum of such determinants. 


If. If the two equations are not of the same degree, suppose 
we have given 
Pot + pie? + pra” + pyw + py= 0, (1) 
He+ne +o =0. (2) 
Multiply (2) by 2’; the equations are then 


pot! + pe + pow + pw + p,=0, (144) 
Qo@* + 1%? + Goa? =0. Ca) 
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From (1,) and (2)), 


Po ae ol a 19900" =e P3% + Py 
"ier Soe =* Figen 9 +} 
Yo MX? + Geox 
PottPr _ Pot? + paw +p 

He+ Hh Qo” 


Clearing these equations of fractions, we have 
| py G12? +1 py Qa! a? — Qype — Yop =0, 
| Po Gola? + § | P1 Ql — Yo Pak © — (G0 Ps + GPs) ® — NPs = O0- 
With these equations consider (2) multiplied by w, and (2), 
Go? + Qa + Gx = 0, 
Gv+nex+q =0. 


From these four equations eliminate a, 2, 2, and we have 


R= | 1% al | Po qo! Yo Ps To Ps) = 0. 
1p Qol lpr G|—G Ps YWP+tnPs NPs 
Yo N — 0 
0 do —h — 9" 


Itt. In general, let 
F(&) S Po X™ + pre) + paw Pf o> + Pm ® + Pm =9, (1) 
(x) == ox” 4 qx" ae Gx"? eee Gee + = 0, (2) 


in which m is greater than ». Multiply (2) by a"; then 
(2) becomes 


Qo Xe” + quae a + go" + oe te Qn jan 4 + Qn Xt” ik (2)) 
From (1) and (2,), 


m—2 a - ; 
Po Pr et Le gt #4. ets te Dy BE Dn : 
do TS Gy he Got? + +. +g, 707" 4+.9,0"-" 


PoC +P Pot”? + pee”? + oe + Pm i® + Pm : 
a y2 —o mn— 4 1 L 
Ge Gat” * 4+ gaa * + ++ + Gye" +9,0" 


poe” 1+ pe? + Sh FPn-2 FP nr is Dy” Dy ivr + ae. Pm, 
qo” gia Eo FG AI qa 
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Clear these equations of fractions, and consider with them 
the following m—n equations obtained from (2) by multiply- 
ing it in order by 1, x, a?, ---0”-""1, 
qq ate aA an 2 as gov” at aie Gane + Ca” 1 =0, 

Qu 2 + nh WN =, th tte G90" Ge I ae es 


Qu -+ Qk” Me bog ale Pie + YW, == (()- 


From these m equations the resultant is obtained by elimina- 
ting the m—1 successive powers of w regarded as separate 
variables. 


The Resultant in Terms of the Roots. 
94. Given 
SS Pot + Pa" + + + Pat + Pm = 0, (a) 
p = Go” ap qa = eo a= Qn 1v AF (ih = 0. (b) 


If a;, ag, ...a, are the roots of (a), and £,, Bo, .-. 8, are the 
roots of (b), we have, of course, 


f= Pox =a) (#— ay) tee (x — a), (a) 

$ = qo(@ — Bi) (@— Bo) ny (@—8,)- (6) 

Now, if in Que +qe '+...+q, 7+, we substitute 

successively aj, a2, --. Gn, ~ takes the m corresponding values, 

(a), P(o).--h(a,). With these m values as roots we can 

form an equation of the mth degree in @. This equation may 
be found as follows. Forming the resultant of 

Poe" + pw” +e +p, e@+p,, 0, (1) 

Qoe” + Qa" + ++ +9, 15% +4,—6=0, (2) 


by 92, we have 
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Ry, =|% Pi Poo Dn Pie Pavan ese 
| 0 Oe Pies? Pray Pn Pri 
Re Ty 3" Ps. Pay. “Dy 

M hh we m—-d 0 0 

0 Toi Gives Oy 4 du— 0) 

2 0 Gs" Gn-2 Un-1  Gn— ** 


eee see 


This is obviously an equation of the mth degree in 4, whose 
roots are $(a,), P(a2), d(as), --- d(a,). The absolute term T 
of this equation is the product of its m roots multiplied by a 
factor. 

But from the determinant R,, 


T= (—1) "po" (a1) P(a2) +++ 6 (an). 


Again, since 2, becomes identical with (—1)"R of 92, IL., 
when we have made ¢ vanish, we see that 


R= py (a1) (az) +++ b(n) 
In just the same way we can show that 
= (—1)"40" F(B1) MBs) Bs): 
and hence, after suitable interchanges of lines, 
R= (—-1)"" qo" (Bi) f(B2) ++ (Bn) - 


95. These forms of the resultant R may be obtained by 
symmetric functions, as follows: 

T (a) = py” + pa" + px"? Beet fy at + Pm = 0, (a) 

b(2) = oe" +e + goa? +o + Gr 1® +G,=0. (0) 


Then aj, a, ---a, being the roots of (a), and fj, fo, ---B, 
the roots of (0), 
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J (#) = Po (@ a a) (a re ay) BOS (x a On) 5 
b (x) = G(@ — Bi) (@ — By) --- (@— Bn)- 


Now, if (a) and (0) have a common root, the product 


F (Bi) f (82) +++ F(Bn) = P 


must vanish, since in that case some one of the factors vanishes. 
The same statement applies to the product 


(a) (az) Wer (On) = fet 


But F (81) = Po (8: — an) (81 — 22) +> (Bi — Om) 
see, sae (Bs Geka 


FG») = Bol. in) (meme oe eg ad 


also (a1) = % (a1 — fi) (a1 — Bo) «-- (1 —B,.), 
(00) = (m— Bi (—B) ~ (a B.) 


Tora coe (an — Bx) +++ (Om 8 ). 


P is accordingly made up of mn factors of the form B, — a,. 
We may therefore write 


P= p(B, —4,), 


where 7 has all integral values from 1 to n, and s has all 
integral values from 1 to m. P is moreover a symmetric func- 
tion of the roots of ¢(#) =0, and can therefore always be 
expressed as a rational integral function of the coefficients ; 
and since it vanishes when /f(«)=0 and ¢(#)=0 have a 
common root, and not otherwise, when P is expressed in terms 
of the coefficients, P is the resultant of (a) and (v). In the 
same way 


IB = dy” TI (a, oe B,) = (— il Dye Qo” I (Be ee a,) : 


where s and 7 have the same values as before. Hence we may 
write the resultant 


BSE (—V)"G"F(Br) SB») ++ F(Bn) = Po" (a1) (a2) + (an), (A) 
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for both these expressions are rational integral functions of the 
coeflicients of f(#) and (a), which vanish when F(x) =0 
and $(«)=0 have a common root, and not otherwise, and 
which become identical when expressed in terms of the co- 
efficients. The value of R can accordingly be written 


+ R= py" qo" I (B,—a,)- (B) 


Properties of the Resultant. 


96. I. By reference to the forms (A), we observe that the 
coeflicients , Pi:*+Pm Of equation (a) enter the resultant in 
the nth degree, and the coefticients q@, q%---¢g, of (0) enter the 
resultant in the mth degree; moreover, we readily see that 
(—1)”"qo" Pm" is a term from the first form of the resultant, and 
po 7." is a term from the second form; hence, given two equa- 
tions of degree m and n respectively, the order of the resultant R 
in the coefficients is m+n; the coefficients of the first equation 
are found in R in the degree of the second, and the coefficients of 
the second equation enter R in the degree of the first. 

Il. If the roots of (a) and (%) are multiplied by k, F# is 
multiplied by k”". Since each of the mn binomial factors of 


+ B= py" qo” (Bf, =") 


is in this case multiplied by #, the truth of the statement is 
obvious. This result is frequently expressed by saying the 
weight of the resultant is mn.* 


Ill. Jf the roots of (a) and (b) are increased by h, the.resul- 
tant of the transformed equations is the same as the resultant of 
the original equations. This, too, is obvious, for none of the 
factors of R is changed when both roots are increased or 
diminished by the same number. 


* By the weight of any term is meant the degree in all the quantities 
that enter it. The weight of ab?c? is 6. 


122 THEORY OF DETERMINANTS. 


IV. If the roots of (a) and (b) are changed into their recip- 
rocals, the resultant FR, of the transformed equation is (—1)™ Rh. 


Putting ye) (a) and (b) become respectively 
x 


F(Y) =DPnY" + Pm ray” + Pm” + FRY +MP=9, (cm) 
ACY =I HI Yt Ino YH EHV AEHHO- (A) 


Whence 


1 
R; = UB OES ( B aaa) a 


r s 


) = Qn" Pm ( ae 1)** 01 (6, cou cm) : 
(a, Co Om)" (Bx Bs te fey ies 
But 


=) “m 
(1404+ tg) = IEPes (By, ,) = A 


i 0 
Bes 1 S=ihery Go" (— Ne ee Tl (B, a a.) = (— if Wass : 


hence the resultant of the transformed equations is identical with 
the resultant of the original equations, or differs from it only in 
sign, according as mn is even or odd. 


97. Of all the methods of elimination given, the dialytic 
method is the most direct. Another advantage of this method 
is that it may obviously be employed to eliminate one of two 
unknowns from a pair of equations, as in the following example. 

Given 

Por? + py xy + poxy’ + psy? = 0, 
HWE +HeY +P +4, =. 


To eliminate # we form the following equations : 


Poe + pray + pow’ y’ + psxy? ==; 
pow + pixy + powy? + psy’ = 0, 
ox + nay + (wy + 5) a" =+ (5 
oe + nvryt+(my+qe  =0, 


Gr +Qeyt+ y+ q=0. 
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Whence |p AY poy Psy 0 = 0, 
0 Po PY poy? Psy 
Y HY Hy +; 0 0 
0 ny goy + ds 0 
0 0 Yo ny Wy” + 4s | 


an equation containing only y. 


98. The same method is also frequently applicable to the 
elimination of  —1 unknowns from a set of n equations, so as 
to obtain a final equation with but one unknown. It will afford 
the student a good exercise to find from the three equations 


ey + axzta, =0, (1) 
Ye — Aye = 0, (2) 
asxy +ae +a, =0, (3) 


a final equation in y, as follows: First, eliminate # from (1) and 
(3), and also from (1) and (2), obtaining two new equations 
in y and z. From these equations eliminate z, and obtain 


My? + Aghsy 0 gO" 
—(AsY AAs) Mod, as yy? + (Qa? + 2aza;06)ytasay 0 
0 — (AYA Ag) Med, — 7 AgY? + (0,07 + 2A. 501g) Y + AgAg 
Be 6 thee Be 7 ‘ 


: =i) 
an equation in y of the seventh degree. ? 


99. A further interesting application is found in the follow- 
ing examples, in which three variables are eliminated from as 
many equations. .Given 


Rta =0; tea, wf=—b, x=, 
Multiplying the first equation successively by 
Wy, Vy, Uz, Hyg, 


and substituting from the last three, we get 


A+ ay, % + XX, ==) 
b + 225 + wa, = 0, 
c + 2%, + X=, 


CH, Ay + ba, Wy + AX, X, = O. 
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Eliminating 2%, %23, %2%g, 


ae te A Oe =e 
ian GeO Ss oil | 
‘ee Oanann ee) | 
OG i Gh) 


Had we multiplied the first equation successively by 
1, WyX3, Wy, Wy Woy 
we should find by eliminating © %a,%, 2, Ya» Ws, 


Op ab ibs oily a=). 


WY re 
ii AN ae 
ee Th 


If the original equations are 
20 eat = On hy St ee 


one form of the resultant is obtained by multiplying the first 
equation successively by 


Why Loy Vyy Wy Wy’, My’, WM y”, "My MNzy Ly Ay, Wn g’y 
and substituting from the last three. Then by eliminating 
Wy, Wy", Wy") — Woy, Wy Wz Wy Woy Wy My Wy’, Wy Ag Wy’ "Ny Aiay 


we find 


{0262011 20 Oa, 
O-line kenrg! Mea tommet) 
0. Oct: VP Ooo 0 me 
Onin aro) ee EO ee 
AO) aie Oh x0) 0) ye) 
br aei0) 020 0b) 0) a 
Cui Cian rec ea RO at dee ae 
ORO Oc FO 28G  elemegt a iy ed 
O20, 0:80 Ole br eed ek 
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100. For a final application of the dialytic method we select 
the following. 


Given VHtHQq + Vix+tb,+e=0, 
to free the equation from radicals, we may proceed as follows. 
Put Vapt +a, =y, VWbyx +d, = yo. 


Then we get at once 


ty, +eo=0, (1) 
Yr — We—a,=0, (2) 
ar — by x = by a 0. (3) 
From (1) and (3), 
1 0) — Dox —— Dd, | —— Os 
1 7 0 | (4) 


| 0 1 Yi + | 


Eliminating y, from (2) and (4), we have 


| 1 2g cf —-—hwe-—h, 0) —=i(0}, 
Creel 2) Cy’ — boa — 0, 

| 1 ee 8 — Ut — Ay 0 

| QO - 4 0 — Apt — Oy 


which is the equation sought. 
In general, given 


rw f(a) + po Pe(@) + Ds VI(@) + + PW Fa(@) = Ry 


in which 7, 7°: 7, are integers, and Ai(@), fo(@) +++ f,(@) are 
rational integral functions of «, we may rationalize the expres- 
sion as follows. Put 


F(e=y", fo(z) =H", °° ft) = y,.* 
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Then we have a system of » equations, from which, together 
with 
PrN + Poo SF ae ae Oh == Rk, 


we eliminate the n variables 7, y2, .--¥,, and obtain a resulting 
equation in a without radicals. 


Discriminant of an Equation. 
101. I. Given = 
f(®) =p" + pe + pe? +--+p,1¢+p,=0, (1) 
and the first derivatives of f(#), or 
ST! (&) = npyv” | + (n—1) pa" "+ (n—2) pow” F4--+p, 3. (2) 


Then the resultant R of f(#)=0 and j'(#)=0 is called the 
discriminant of f(#)=0, since, if A vanishes, f(w)=0 and 
J'(«)=0 have a common root, and hence f(#)=0 has equal 
roots. 

Forming the resultant of (1) and (2) by 92, we have 


1g = 


Po Pr Pe “89 Dise Pua ~ Pu 0 0 0 + |, 
0 Po Pr Borg Pn -3 Pn —2 Pu-1 Pn 0) 0 
0 0 Po Ce Ue Pras Pn-2 Pra Pr Qo ee) 


npy (n—1)p, (N—2) Pores 2ZDy-2 Pana 0 oe) 
0 1) (v=1) pyrt 3 Dp —- 2-5 BDn, 0) 0 
0 0 NP Miss 4 Dn 4 3 Pn—s 2Dn—2 Pr- 1 0 


eee wee oe 


in which the first (7 —1) rows are formed from the coefficients 
of (1), and the last 1 rows from the coefficients of (2). 

Now multiply the first row of R by , and subtract it from 
the nth row; the nth row becomes 


0 Se aa 2 po eae (n—2) Dp,» > (ln NP 00. 
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Hence £ is at once reducible to a determinant of order 2n—2 
multiplied by po; calling this determinant A, we have 


R = pA. 


Now = R= py"1f"(a)f" (a2) f"(as) + F"(a,) 3 (94 or 95, A) 


, [(@ (2 (2 (a 
andsince f'(a) = 2) 420) 4 FO 4 4 LO. 
S'(a) = py(ay — ay) (a, — as) *2+ (Qy— a1) (a a, 


Fie) =the =a) (a, — ag ) “*< (ag — 4,1) (a, — a, 


ts alés | (B) 
f"(a-s) are. 9) (a,_ 055 #¢+ (G1 —On_o 2) (Gn 1— On | 
F'(a,) = Po (an—a1) (a,,—a2) SEE (a,—a,_2) (a,— gh) 

If we multiply equations (#) together, we see that the second 
member of the result will contain the product of the squares of 
the differences of the roots a, a, ...a, of (1). Employing the 
usual notation for this product, viz., €(a, a2, a3,+++a,,), we have 


; a1) 
S' (a3) f' (a2) s+ f" (an) — (—1)2” ) 9" (a1; On, Agy °°° Oni) 3 
Se (—1)20-) p2"-22(a;, Qn Ags *°* Oy) 


II. The discriminant of an equation can also be obtained as 
follows : 
jie) == OC h) and Dig 9 Fae (2) 
being simultaneous equations when f(#)=0 has equal roots, 
the equation 
nf (x) — ope (x) = 0 (3) 
is also consistent with (1) and (2). Now (3) is an equation 
of the (n—1)th degree; and finding the resultant of (3) and 
J'(«)=0, which is also of the (n —1)th degree, we obtain the 
discriminant A as a determinant of order 2n—2. For an 
example, we shall find the discriminant of the cubic 


Pot? +12? + pot +p; = 0. 
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We have to find the resultant A of the equations 


pe +2p.%+3p; = 0, 
3a +2p,%+ po = O. 


A= py 2, 3p, (9 
» 


By the same process we find the discriminant of the biquad- 
ele P= me +4p 2° + Cpa +4 psa + py = 0* 
to be 
A=! p) 80, 387 ps5 0 0: j= 0. 
ion vey yee Ol memyen — Ol) 
0 O” Oi Bn Sse aps | 

My Os Bs), OF =0'4 
: 0 pi 3D5 op; py 0 
[07 0" Py Spy Sy Pe | 


— 


This is accordingly the same as 7*—27J*=0, where 
polar 


T= pops — 4p, ps + 3. pe", 
J = PoPoPs + 2 Pi P2P3 — PoPs' — Pv Ps — P2’- 


102. We may show that J=0 is one of the necessary con- 


ditions when the biquadratic P= 0 of the preceding article has 
three equal roots. Since 


P=pe+4p,07+6prar+t4p,2tp,=0 (1) 


* In many processes it is found more convenient to write a given func- 
tion in the form of this equation, 7.e., 


Pot” + np, art ~ (n—1) py a 2+ = (u—1) (n—2) py x8 4 « 
. as Ore 


ae a (n 1) pn—o%? + npy-1e+ Pn, 
in which each term is multiplied by the corresponding cocfficient in the 
expansion of (~4+1)". Any given polynomial can, of course, be at once 
reduced to this form. 
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has three equal roots, two of these will be roots of 


Pit + 3,2? + 8pou + ps = 0, (2) 
and one of them is a root of 
Po + 2p, e+ ps = 0. (3) 
From (2) and (3) this root is also found in 
Pye +2p.x+p,=0. (4) 


Multiplying (3) by 2°, (4) by 2a, and adding, we obtain 
a” (ya? + 2p, x + po) + 2u( pia? + 2p.e+p;) = 0. (5) 


Now adding p.2* + 2p, +p, to the first member of (5), we 
have, since P= 0, 


& (poe? +2 pyw+ po) +2 x( pa? +2 pow+ ps) + pow? + 2psv+ py= 0. 
Hence, if (1) has three equal roots, 


PX +2p,x+p,= 0, -. | Po Pr ~P2| = 9, 


pia” +2p.%+ p,=0, ie Fi V0: 
pot +2p,e + py= 0. DP, Ps Do 
or Io 


The other condition for three equal roots of (1) is accordingly 
eer OF 
103. The resultant of a system of » homogeneous equations, 


one of which is of the second degree, and the remaining n —1 
are linear, may be obtained as follows. Given 


PE pet pyt+me+2quey +2n0+2qyz=0, (1) 


P= ae +by +q2 = 0, (2) 
pe Ol On aat= 0) 6 =U. (3) 


Differentiating (1) with respect to x, y, 2 in succession, and 
remembering Euler’s theorem on homogeneous functions, we 
obtain 

PH UX(po@t Hyt nr) +y (e+ ny +H) 

+ 2(M@ + Qi +22) = 9. (4) 
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Equations (2) and (3) and (4) are simultaneous homoge- 
neous equations ; hence, by 77, (4) must be expressible linearly 
in terms of (2) and (3), and 


OP, + 6,P. = 0 (9) 


is an equation identical with (4). Equating the coeflicients of 
(4) and (5), we have the following system of equations : 


Po® + MY + NZ — Ay — Oy. = 0, 
Go® + PY + G2 — O10, — Ob, =0, ¢ (£) 
Ne + Go + poe — OC, — Oey = 0. } 


Now, taking equations (2) and (3) with equations (2), we 
have a system of five homogeneous equations. Eliminating 
2, Y, 2, 9, Oz, the resultant of (1), (2), (8) is 


k= | Po Gd % GG Ay 
)% Di ® bh dy 

1 GW Po GQ & 

Gy Oo; ne, 0280 

ix Ty (es 0 


i=) 


In general, let the system of equations be 
S(®) Spy? + pot? + pyae + --- + pp a? +2 q1 9a 
+ 2 oH, Wz eee + Re Ae ds == (1), 
Pi =a@%, +)a +9 -t+tihe, =0 al 
a = Ady oat coe ‘iE : ot 22 ah | (a) 
Fg (= 4,_ Nace 1%_ + Cy 3+ + oie a, 


We have, as before, if f,,! denote the differential coefficient 
€ f(w) with respect to 4,, 


% fer,! + Xo Six,| 2 2s Five! ap 008 Se Ln Sov, => 2 f (a) == @), (b) 


Since (a@) and (b) constitute a system of simultaneous 
homogeneous equations, (%) considered linear with respect to 
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the variables, must be expressible linearly in terms of the 
nm —1 linear equations of (a). Hence (0) is identical with 
6, P, + 62P, + 6; P3+ JOS MW oat fe (c) 
Equating the coefficients of (6) and (c), we obtain the n 
homogeneous equations 
Pi TF i Vo Joy +> + On—1 Vn= M91 + Moo + MgO3+ +++ + Oy On15 
DX PF Pro ®t Qnty +++ + Gon 1%, = 019, +009 + D334 +++ +O, On-15 
Joy ros te Hott # Y5n— 3X3 = sate nears + C03 s++ + os ly 


Pn— Ae Bee bs yas a ase peg 6, s+ -» $0, tas ]° 


These equations, together with the n—1 linear equations of 
(a), form a system of 2n—1 equations between 2, ®%, +++ &, 
6;, 02, +++ 6,_;. Hence the resultant of the given system is 


Pr q1 2 are: Qn-1 ly Cy s°s Oy 1 C 

Ni Ps Qn *** Gon—1 by by pe eae 

G2 Un Bip rites ens Cay 1 8 Cp Sy 

Sere Bee oe mine blaten KapsYol. dea Ae | 
Gn-1 dn-1 Y3n- Be Pa I ly = by —1 

Gn, 0s C; aye lat Oy UO) Some 48) 

Cbs by 5 Ge /5 ‘Oy RON Gos 0 
ty Dy Cy ag 0 0 ) 


Special Solutions of Simultaneous Quadratics. 


104. By the help of a special expedient we may often solve 
a pair of simultaneous quadratics much more rapidly and ele- 
gantly with determinants than by the ordinary methods. The 
following examples will serve to exemplify the method em- 
ployed, and are, moreover, such forms as occur frequently. 


A. Find & and y in 
e+ by iy 
Aet+boy ms. (1) 


ot pae 
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Let f be such a factor that 


aye + by = fim ) ‘ (2) 


ye + Dry = fme J 
From (2) 


| M2, Oy »/ Gy My 
Ms D5 iD Ay Me SD, 
Ai 3 os 2 Y = ———_ = — - 
Gta Ob| A” | a by] A 
Substituting in the second equation of (1) 
PD fDi Be, ae fee 
Vi oD? 
rD 4% rD, 


.. BS 


a hea Yy ie = - 
NIE Dy tVPP+D? 


B. Solve the equations 


Uy @ + Oy = my, wey (1) 
(ly + Doy = Mowy } ‘ 


Divide these equations member by member; then, as before, 


put 
met byy = fmy : 
Unt + boy = fms i : a 
hs My, Dy | . Fs Fi Cy Nr» | 
| a bai a | a dy | 


From the first equation of (1) 


pe [a | my be | + B, 1 ay mol] | ay by | 
. Mm, | Mm, by lla, me | 


lg: 605.) [Gh 9 Oe 
= y = ————- 
| Gy Mv | | my, by | 


’ A shorter solution is obtained by dividing each equation of 


(1) by ay, and solving for u and 2, 
x y 
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C. Solve the equations 


He +bhy = my ) (1) 
Ay" + doy? = Mz J 
Write these equations 


age +hy =n 
AgX +X + Do Y= iy J we 


my, b, hy al 
Then «= oes ie ou a oa aadldkss : (a eae a .) 
A : A Aye boy 
We have 
t& — Mm boy =— M,, 
MyAgt+- AY = AM, 
Ode —aby =— A. 
Hence 
A —mbo Mb, |=0. 
My Ay A —, Ms 


ob, —ay by A 


From which 


A=+ Va2boms + D2 do Ms — M429 do. 


Again, 
ae + hy =m, 
0,0 — boy =— A. 
mM, db, | a Mm 
A abs! (ob, —A tre Dd, 
6 Oger erm a A,= : 
A, Ay (od, —a, dy 


D. Solve the equations 


e+ oy =m : (1) 
yt + boy + Cay = on : 


These equations we write 


aethy =m, } ; (2) 
(dy + y)t + doy = My 
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Ay My | 


Co CoY Ms 
pbery ms! (a 
A 


| m, be | 
oo tes ae aE cs 3 
As before, 


tT 


| On by 
Mp nwe 


yg Heyy Dy 


) 


(A + 124.C2)Y¥ — Gy My+ Md, =D], 
—deoy + a,b, — ab,-A=0. 


Whence 


[A+ mC, My dy — My My | = 0, 
| — be, Ay by = gb, —A 


a quadratic from which A is found. 


lm, bs | ae | 
2 ee a 
A A+ mC 


Example B above can also be solved by the method of this 
example. 


E. Solve the equations 


ax + bay + cy? = d ) P (1) 
ea? + fay + gy? =h J 


Equations (1) may be written 


e+ 2a,ey +b,y? = m, ) : 
w+ 2a,cy + boy? = Mo § i) 


by easy reductions. We introduce the factor 2 for convenience 
in calculation. A solution analogous to D could be given. 
Whatever the coefficient of xy, it can, of course, be at once 
reduced to the form 2a,. We write equations (2) 


a(e+tay)+y(ax+ by) = m 

B(LVA MY) + Y (Aee+ doy) = my J * 3) 

Then : 
Mm aqe+tby 
My A,e+ boy 


SS ee — 


= Ry 2 = 


X+ay m 
T+ AY Ms 
ony ar 


gn 
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where 
A=|e@+aqy aqr+dy|. 
[e+ ay aya + boy 
We have 
[A+ la,m,|]x+|bmely = 0, 
[m.—m]ex +[lam.|—A]y = 0. 
Whence 
[A+ la,ms| Lb, me tee 03 
Mz — My, la,m.| —A| 


Solving this quadratic, 


A =+V1/ a, mel? + |b, m1 (m,— mM). 


m bg | 
Now x= lig bsly 
A+ |a,me| 


Substitute this value of «x in the first of equations (2), and 


we have 
| my, bel? y? 2a,| mb, ¥? 


any =m, 
(A + | amyl)” A+ | am! Y Is 


a pure quadratic, from which the value of y can be found 
at once. 


105. To the solutions of the last article we add the follow- 
ing, in which one equation is a quadratic and the other is a 


cubic. 
Find the values of # and y in 


w+ ayy” _ m 
a —ay ty my). (1) 


ety =a 
From the first of equations (1) 


EES (2) 
a(@—y)+y-y = dM, 
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d Mm, Y Vey Mm 
aa r—Yy Ms, : 
ees _ ae y= ie LN (3 aie tse] =2y".) 
p A A la—y | 
We have 
vA — Xr (mM, — ti) y = O in (3) 
Ax (7, — My) + [A—A (my + ms) ]y = 05- 


Whence 
A — X (Mm — My) ==) (I), 
AN(M, — tty) A—2X (M+ M2) 


From this equation 


r 5 
A= 3 [m, + my +V10m, m,— 3m? —3 me | 3 


Now, since IM ee Dap. 


we have to find the value of 2» in order to complete the 


solution. 
From equations (2), and the second of equations (1), 
ay + y= noe 
AMs : (4) 


a) 5 (Mm, — mz) | 


From equations (4), and the first of equations (2), we get 


Gi 


VE (3mny mg — 105°) ’ 


and hence 
cl == 
es - (m, + my) + V10m,m.— 3my— 3m," 
Oa Pal En ie ee i 
V4(3m,m2— ms") 


« may be found from the second of equations (1), or from 


the first of equations (3). 
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Solution of the Cubic. 
106. The general cubic equation 
Pot? + Pw + pow +p; = 0 (1) 
is always reducible to the form 
we+qetqa=0. (2) 


We are therefore only concerned with the solution of (2). 
The determinant equation 


A=|e WG dy | == |) 
Gis 1) ore 
[Q, GM & | 
is identical with 
 —3 Oh lo UG as = 0. (3) 


We have 
A=|@+aq+d a 
| T+H+ © | 
BV+tEa+dg Gy W| 


hence «+a,+d, is a factor of A. 

Again, let a be one of the imaginary cube roots of unity ; 
then the other is a’. Substitute aa, d.a” for a, and ay re- 
spectively in A, obtaining 


A'=| @ ha dea?| =a? —38a,a,0°x + ao +a,0°=A, 
a 


since a?=a®°=—1. Whence 


A=|a+taqataea’ aya ya’; 
etaatdca we Mma 
4 ta-+-dga” Ga" 2 
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and hence A is divisible by «+a,a+a,a°. By substituting 
do” and d,a for a, and a, respectively in A, we obtain a 
determinant A", which is shown equal to A in the same way 
as before. 

Hence a,0?+d,a+2 is also a factor of-A. 

Accordingly, 


A=k(a+a,+ dy) (@ + aja+ da") (@+ aa>+aa), (4) 


where & is a numerical factor. Comparing the term a’ of A 
with the term « in the second member of (4), we see that k= 1. 


* BP — Ba, dou+ ay + ae = (@ +a, + dy) (@ + aya + aya") 
(a 45 @,.0° 1 aoa). (5) 


From (5) we have at once 
=—h—, —ha—Gya7, —d,0°— doa. 
Now applying this result to the solution of (2), we put 


H=—8M Ms, qo= ay? + a5 
whence 


Aue Ge Ve qa de lar 
1 Vt Se 4197? Cy -\¢ Ze Na — 


Hence, finally, the roots of (2) are 


3 a eC 3 
5 Yo qo’ , \-2 9s Ne 
\ 2 af +97 2 cues nore 


3 / ca 
Eads GON Oe ey ae 4 ae a V-3+4+1 
\ 2 ae o7 ro ae Meer 


3 ‘| 
Jie 08 V H841 2 Ne a V=3—1 
‘ 2 \! +57 5 it i 
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Symmetrical Determinants. 


107. When we regard the square of elements that make 
up a determinant, it is natural to inquire what special proper- 
ties, if any, the determinant possesses when we suppose the 
elements not all independent; in other words, what special 
forms arise when we suppose certain relationships to exist 
between the elements, and what are their most important prop- 
erties. Among the special forms very frequently met with, 
especially in Geometry, are the Symmetrical determinants. The 
symmetry here referred to is first, symmetry with respect to 
the diagonals, and second, symmetry with respect to the inter- 
section of the diagonals, i.e., the centre of the square. Two 
elements, so situated that the row and column numbers of the 
one are the column and row numbers of the other, are called 
conjugate elements. Evidently the line joining two conjugate 
elements @,, and a, is bisected at right angles by the principal 
diagonal. If in a determinant @,,=a,,, then the determinant 
is axisymmetric, or simply symmetrical. The definition of a 
symmetrical determinant is extended so as to mean symmetry 
with respect to the secondary diagonal also, so that a deter- 
minant is symmetrical if for each element there is an equal 
element so situated with respect to its equal that the line 
joining the two is bisected at right angles by one of the diago- 
nals. The following are symmetrical determinants : 


| b G& G|, |Q1 Ge Gg Gy|, |G & G I. 
LBeO te) 6; dy tn tg Cer Oy Wee Ure te. tC, 
Cy Co Cs ds Cy, Uy, Any Chay ds 03 Oy by 
Gyeie Ge dy dog < Gort ng Ca, G4, Gg, Wo 


108. We have already had a number of problems which 
gave rise to symmetrical determinants. The student may refer 
to the last determinant in example IV., 84, to the first deter- 
minant of 84, VII., to the form of the resultant obtained by 
Bezout’s method of elimination, 93, (I.), an@ to the value of 
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J, 102, for illustrations of how symmetrical determinants 
occur in practice. Again, we have 


fatale eClon ie Ogel ae 


Ay + yy? + hg” (yy Ay) + A999 Aysllog Ay gy + Mya go + Aag%33 | 5 
Cay Aq, + Ago -F Magy Oy” + Clog” + Aggy” Cn, + CggOlg9 + Cag gs 
Agi Ay + Aggye + Ag313 gy Aly $F Agglog + Aga lox Ag)” + Ogg” + Asg” 


which is obviously symmetrical. It is easy to show that the 
square of any determinant is a symmetrical determinant. Let 


| Ayal? 1 Gal = 


then we have to show that b,, = 0,,. 


Dis == Ay Ua af Cb,9 Aso ar Ag sg =} a =P Cin Asns 
b., = be) Hy a A. Uys 37 Ag Cys a rans a Gen Ayn 5 


whence the proposition. An obvious corollary is that any even 
power of a determinant is a symmetrical determinant. 


109. It is evident that conjugate lines (a row and a column 
haying the same number) in a symmetrical determinant are 
composed of the same elements in the same order. Consider 
now two minors M and ™, of any determinant such that the 
rows and columns erased to obtain M are the columns and 
rows erased to obtain 4. Then 


M= |, Gn a, --|, and M=|a, ay, 


, 


Gyn Ag °° Ag Ong °=* 


Now, if the determinant is symmetrical, so that a,, = a,,, 
we have M= M,, and, in particular, 4,,= A,,; or, in a sym- 
metrical determinant, conjugate minors are equal. From this it 
follows at once that the reciprocal determinant is symmetrical. 
Further, it is evident that minors whose diagonal lies in the 
principal diagonal of a symmetrical determinant (coaxial minors) 
are themselves symmetrical. 
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2110. We may show that the product of a symmetric deter- 
minant by the square of any determinant is a symmetric determi- 
nant, as follows : 

Let | @,| be a symmetrical determinant, and put 


| ay,| x | ay, = | Cin 


. 


b) and | Ct,| x lay, |” = | Dy, 
Then 
Din = iC + ain Cin + ayy Cg + vee + Qin Cups (1) 


In (1) substitute the values of ¢,, Cy, +++ Cyn, ad we have 


Dig = (rae + Ayz aye + Aygayg + ++ + Cin Ben) O41 
H+ (gy yy HE Ag9 yy HF Mog Oy +++ + Clay Ayn) 9 
== (G,10;1 ie 20-72 =e An 3x3 =e os ae Onn Gin) Ciny 


= (Aya + Aq ain + Agi aig + 8+ + Ay Gi,) a 
+ (Gra + Go ai9 + Ayaig + +++ + Ane Gin) On 
H (Gy, Gj1 +n din + Agydiz Foes + GpnGin) Opn 


Since d;, = 4,;, this sum becomes 
Oy) Cay Sa Ong C9 =r a ap Cin Cin = Dyi- 


Whence |%,,| is symmetrical. 
From this and 108 we see that any power of a symmetrical 
determinant is a symmetrical determinant. 


111. Cauchy’s theorem for the expansion of a determinant, 
example III., 63, assumes a somewhat different form when 
the determinant is symmetrical. Thus, instead of 


! 
A = dyA — Sy Con Ans 
we haye, when A is symmetrical, 
A = dyA'— Ya’ Ay — 2 Shin dep Ares 


in which, as before, 7 has all integral values from 1 to 7, and 
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for ik we write the different combinations of the numbers 
1, 2, --- n, taken two at a time. 


For example, 


Gh 

le On iF 

gore 

Oar 

or Wet 

Oa ime. 
g J 

1oPy 


g |= abe — af? — by’ — ch? + 2sgh. 


cl\=Cf? +09 +h? — 2absg —2acfh — 2 begh 
= (af + bg —ch)°? — 4abfg. 


g 


of 


0) 


and suppose that 


A=/|q |, 
Wi wes 

Cf acs 

Gh (ahs 
iResmmren 


Consider the determinant 


Cy 


FO +E ++ ey = +b. t+ CoA dy + Cy = + 6o+¢;+d5+ es 
=> d,+d.+d,+d,+e, = Ce: +e,+e3+e,+e, => 0. 


Then, first, A=0; 


since, if we add the elements of the 


other rows to the corresponding elements of the first row, the 
elements of this row all vanish; and, secondly, we can show 


that all the first minors of A are equal. 


d, @|, and C=—|q gq d, -e). 
ds @s B, Cy dy @ | 
Oy es Gh Oy, Gay ey 
One fe Cy eptee oe 


The first, third, and fourth columns of B, are identical with 
the second, third, and fourth rows of ©, By hypothesis the 
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elements of the first row of C, are respectively —c,, —¢s 


3? —ds, 
—é;; whence 


Oy ='G & d e/= B,; 


as was to be shown. 

In general, if in w synvmetrical determinant the sum of the 
elements in each row is zero, the determinant vanishes, and all 
the first minors are equal. 


Let 
A = | Ap Gy Meg e** Annl, With Gy. = Agns 
and ig + Aq + Gig tos +a, = 0. 
That A vanishes is obvious. Again, 
Ag | Oy Gig 2 = Oy Cy, plycy oo an He 
Cy C9 se ogy Cox. Chop 44 se Con, 


Gen Gyyo es Gee yee, Aine °** (Gila 
Chi Cig oes ga iy, Cin eo Chgy 
Wisin-1 Asa Asingi °° Uitm 


see tee tae eee tae wee aoe eee 


dn oe Ong 1 Ont Ont see Cnn 


To the ith row of Aw add the remaining rows; the 7th row 


becomes 
— Mp, — Ag. «+ —OUgp-1 —Ax Gort *** —Am- 


Then to the kth column of Ag add the remaining columns ; 
the kth column becomes 


—Cyy —An *** —A10 A —AU+10 *** —Ano- 


Now, making the ith row the first row, and the /th column 
the first column, we have 
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Ay ae 


(—1)'** 


Choo 
Cp 
a; —10 
i s10 


Ano 
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ny 


ay 


n2 


which proves the theorem. 


see Cog-1 Coy+1 
cee Oy C41 
co Osean | Cgenen 
bir -1 Aiea 
298 Ong 1 Wnk+1 


** Gon — PAs 
hg Cy n 
% Hi 1n 
a isin 
* Cnn 


113. If « be subtracted from each element of the principal 
diagonal of a symmetrical determinant, we have a function of 


« which, equated to zero, gives an important equation. 
roots of this equation are 
We have 


follows. 


f(a) = 


Then 


f(-2)=| 


Multiplying (1) and (2), 


Ay — & 


Cy) 
Cbsy 


Oy 


a 


yy + @ 


Choy 


(sy 


nee 


Ona 


S(#) I(—2) 


ah 


C9 
99 — & 


Ago 


Cle 
ag +e 
Uso 


Ong 


The 


all real, which may be proved as 


Cy: 00 Ain 
Cho te Con 
Ogg 325, Oe 


Wig 9 Tosi SO, 
¢ lo aoe ah Qn 
Css, oe xv Cy, 
Ons soe Cnn + x 
Pris Peay eats 
Pos setve Don 
2 
Psy ee Pan 
Pus Sa Pnn —e% 


(2) 


Gy =S sy 
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where Die = Ca Ua F Gig Mg Foe A Gin Un 
Expanding the determinant of (3) by 63, L., 
| Pinl — a? 3D, _1 + @ SD, »— 23D, 3+ ++ + (—a")"= 0. (4) 


Now D, 1, Dy-2, Dns, +++, being coaxial minors of | p,,|, 
are all sums of squares of minors of | @,,|; for consider one 
of these minors 

Dey Pe Py = Dy 


Pos Pog °° Dor | 


Pry Prq i Pry | Dat = Pq 
D,,-. may be obtained by squaring the array 


tp Gp yg *** Opn, 


Greys By ot Bons 


in which there are x columns and x—2 rows. By 58, Ist, 
D,,. must be the sum of products of pairs of determinants 
which in this case are equal; hence D,,. is the sum of squares 
of minors of |4a,,| of order n—2. Hence 3D, 4, =D,_», 
SD,,-2, «*:, are all positive. The signs of the terms of (4) are 
therefore alternately positive and negative, and, by Descartes’ 
Rule of Signs (4), can have no negative roots. Accordingly, 
f(x)=0, or (1), cannot have a root of the form aV—1, for 
then 2 would be negative, which we have shown is impossible. 
Nor can (4) have a root of the form B+aV—1; for if we 
write @,;—B=@'y, 42—B=4'y», etc., the proof just given 
is applicable. 

The student will find it interesting to apply the preceding 
proof to the particular case where f(x) is of the third degree, 


Se F(@) 4 hy — & Ay Cys = 0, 


Cy Cgy F & Clog 
Chis Cy, Clgg T- © } Ung = Agy. 
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actually multiplying f(«) by /(—#), and expanding the result 
to obtain the equation in 2’, whose terms are alternately posi- 


tive and negative. 


114. Symmetrical determinants of the form 


Oy Op ty Oy Ops. ANG dg Gy 95 rea, 
| 

Jo ce by Ge | VCS SIAL ROS wk 

9, Se G by Cg! fy Ag Ug Cyt 
| 


£s AP (Gy Opies Uen ty) 3 


are called orthosymmetric or persymmetric. 'That is to say, 
when each line perpendicular to either of the diagonals has all 
its elements alike, the determinant is persymmetric. Such a 
determinant can contain at most 2n—1 distinct elements. 
Examples of the occurrence of orthosymmetric determinants 
in practice are found in 84, VII. 


115. The most important property of orthosymmetric deter- 
minants is that the determinant remains unchanged when the 
jirst terms of the successive orders of differences of its 2n—1 
elements are substituted for the elements themselves. Consider 
the following series of numbers, and form the Ist, 2d, 3d, 
--» (2n —1)th orders of differences by subtracting a,_, from «@, 
throughout. Then adopting the usual notation, we have 
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We now show that 


A = | Ay Cy Cs Os : Qy=1 — Cy A) Ay A AP 1 
G@ GW Ty, Gy Cin A Actes A, 
Clipe Oa AE Gs Onwy j4, A; Ay A; Anu 
| | see eee or 
| Gn—1 Uy Uniti Gnpe *** Aon-2 | A, 1 A, A, il A, 2 toch A», —2 


If in A the (n—1)th, (n—2)th, --- column be subtracted 
from the nth, (n—1)th, (n—2)th, --- column respectively, 
we get 

A =| Ay Ayn Ap ee a Caen 
ea Ayn Ay Ay  -s Aya 
Ay Ane Ay Awe o> Aig 


Ay 1 Ain —1 Ai, Ain+1 iy Ay 2n—8 
Repeating the operation successively, we obtain 


A=! y A, As As ia Ay 
Cy An As Asy s A; ~-11 
Cy Aj Ass Avs ve jae 12 


| 
Oba] et As n—1 A; m-l °°° A, Ln-l 


Operating in a similar manner upon the rows, we get 


A=| % A, A; A, rt ’ 
(A, A, A; Ay ore Ay 
| A, A, Ay A; eke Any 

| A 


A Anat Ay+2 Foes Aon—2 


n—L n 


as was to be shown. 


Thus 
8 8 19 %6|=/3 5 2 2 |= 2%; 
15 26 48 | E 22 0 
13 26 48 68! |2 2 0 0 
96 43 68 1031 |2 0 0 0 
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for we have 


3 98 15 26 7 45 68) 106 
ie eT lee 20 a es 
2 ye oe Owe ee 
a. ar ae 2. 
Similarly, 
7 0 —4 —5|/=| 7 —7 3 O|=0. 
0 —-4 —5 —3 —7 3 O 0 
—4 —5 -3 2 3 0 0) 
—5 —3 2 10 0 Op 20s) 


The student may show that 


res As a |= ae ee 0 

25 TAS ai. 12 Lee 0 il 

ae ARS) Ws Ae —2 

GIP ey at 0 1 —2 5 

ae oe 68 0) 1 8 27 641265 
Me OME. 8 2% 64 128 

9. 16 25 36 27 64 125 216 

16 25 386 49 64 125 216 3438 


Besides exhibiting obvious simplifications, these examples 
show that when the elements of a persymmetric determinant 
of the nth degree form an arithmetical progression of order 
m* <u—1, the determinant vanishes ; and if the order of the 
progression is 1 —1, the determinant reduces to an nth power. 


* The series of numbers 
1 8 27 64 125 216 
form an arithmetical progression of the third order, because the terms of 
the third order of differences are alike. 
Thus Z 
1 8 27 64 125 216 
EY By a gi 
12 18 #24 30 
CHG 6. 
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116. The conditions of the last statement will always be 
fulfilled if @, is a rational integral function of k of the mth 
degree, whose highest term has the coefficient 1. For then, 
according to the well-known theorem, a, a, ds, ++» form an 
arithmetical series of the mth order, of which the mth dif- 
ferences will be m!. If, then, m—=n—41, all the elements of 
the secondary diagonal will be (n—1)!, and all the elements 
below it will be zeros. Whence the determinant equals 


Foe jd sed et 9 8 


If m< n—1, the determinant of course vanishes. In either 
case, instead of dy, a, Ms, +++, We may write 


Cy Uisiy Aisa, .***s 


If, for example, p is any given number, and 


m m ! 


ptm ptm eB 1\ mae +2 2 
( m as a ma 
b +m + ‘) ae +m+ Se eae 
m 


g a di ae +2m+ tt) _( +: 30 
m 


pee (— 1 yzom+) me (= 1) Les 
6 
117. Consider the determinant 


- I Nee (ptk+m—1)-+(p+k+1) 
E— — as 2 ) 


A=(|k Re fet a dears 
ker = er® ky? eee Ber 
ker? er®—er* eee er 


keyrt hr” ky) a ker?" 2 
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whose elements are in geometrical progression. ‘That A must 
vanish is obvious at sight; for dividing any column except the 
first by the ratio 7, A is seen to contain identical columns. 
Hence if the elements of a persymmetric determinant form a 
geometrical progression, the determinant vanishes. , 


118. To the results of the last article we add the following. 
Suppose in 


A=/l% &G 4G Gan 
| Gh (0 le OG | 
| Cy —y Uy Anat cae Con —2 | 


each element divides every other element whose subscript is 
higher than its own, 7.¢., in general, 


Ch a= le Dalths cor (he 


Then 
A= by Dy Dy Do b, by Do by Dy Ds 
Dod, by by by by by bb; by dy by dsb, 
dg b, by Do d, lis b. Dy b, dy bs by bo db, by b, Dy b. 


by by Dy Mike Dy 1 Dy Dy by ery db, by dy Dy ar ae Dn4a Dy dy dy macs Dn42 


Dy by Dy +++ bh 4 { 
boy *** On On 
body +++ 5,6 


~n n+] 


bo dy re. Don 2 


Now it is obvious that b) is a factor of the first row of A, 
bb, is a factor of the second row, ))b,% is a factor of the 
third row, and so on. Hence 


ne op! 1 db, bby By Ob, +» by bg +++ D4 |. 
4=0 i bo be bs by bs by OD8 bo bs coi) b 
1 b, bs by bs Dy b; sieve bs bs 2 


1 b, b, Ona Dy On Oars need b, Opus Sarr: Don —2| : 
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Skew Determinants, and Skew Symmetrical 
Determinants. 


119. We have heretofore shown (108) that the square of 
any determinant is a symmetrical determinant. If we now 
write the determinant of even order 


ASO G dle |—b “ar —d, «| 
ge) Oy Nay As Cee mth ee, Rae a 

| Gay Bip Ce uly. | —6,; ds —ds Cs 

CT a bg ae en se, ae Cy 


we get, by multiplying these factors together, 


a 
0 — (ayb2) — (de) — (abs) — (eds) — (ayb4) — (eds) |. 
(aby) + (eds) 0 — (bg) — (C03) — (dob,) — (Caddy) 
(a,b;) + (ed) (obs) + (C23) 0 — (34) — (e534) 
(ayD4) + (6:04) (Goby) + (ody) (gg) + (e504) 0 


In this determinant each element is equal to its conjugate 
with opposite sign, and the elements of the principal diagonal 
are zeros. Such determinants are called skew symmetrical. 
In other words, if in a determinant we have a,,=—a,; and 
&,;=0, the determinant is skew symmetrical. If ay is not 
zero, we have a skew determinant. It may be shown that the 
square of any determinant of even order can be expressed as 
a skew symmetrical determinant. Thus, since 


A 


Gy Up Gg yy ** Ans Ung Gin-1 in 
Qa, gg ng «= lng *** ng long on-1 an 


see aoe see sae | 


lil 


An—-11 Un-19 Gn_1g On—-14 °°*° = n—1n—-8 Gn-in-2 An—1n—-1 %n—In 
Any An2 (ng Ons soe Onn—g Unn—2 Ann—1 Qin 
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al — yy C4 — Ohhs se Cin—9 — Ain—3 Ain —UNn-1 ’ 
|log, «= — Gln Sling «39 gg ** Clon 9 89 ang = lon §©=— ~~ an 


eee aoe eee eee eee eee ene eee eee 


Op 19 Oy, 11 nie — On =i3 "s On—in—2 — n—1n—3 Un—1n 7 n—-1n=1 


, =n) Ons —Ong *°* Cnn-2 — Oin—s Cnn —Ann—-1 


n2 


we have, after multiplying these determinants together, 


Wee) Wipe Gis co) ane || 
ia OL Wie Goo aie. 
May Meg 0 | = Ms 


on 


Hea aiipa 0 WOng 0 [my =— My 


For 
Miz, = Aj Ayo — Aja + Aig Ung — Ug ag  2** + Cin 1 Gin — Win Uin=19 
and hence mz—O0, and m,=——m1,,. 


120. The consideration of skew determinants reduces to 
that of skew symmetrical determinants, as we shall now show. 


I. By 47, 


NO Ss Gee ig Se ag 
nC 
| 


| Cbyj C19 tant Gyn | Ox = Ci 


= Ag™ 4:30, Ag?) + SC, Ag? + «-. + 30, Ao + C,. 
Now, since Ching = — Apis the determinants Ay, A,“-), A,”—™, 


--+, are all skew symmetrical, and A” is expressed in Pisne 
of skew symmetrical determinants. 


IT. If, further, a, in A® is equal to x, we have 
A™M a Ay™ de ANG, + 27 SA? aL res ab Re atN Se ae”, 


It will soon be shown that a skew symmetrical determinant 
of odd order vanishes. Accordingly, the terms of this expan- 
sion in which the degree of. Ay is odd will vanish. Thus 


, 
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Pao eae la | Gg —b —¢ 
ete a Ca ee 
bead x —f Deed, 0 —f 
ote Ff xv ( e a3 0) 
+ 2 [| 0 —d —ej+|0 —b —e sa 0-==a)-—c ae —a —b| | 
id 0 Pena Uf Fh 1.0 =e) ha =—d 
| | e ye @) C ue 0 | | c Cn 0 | | b ; @) 


coe aie aos oma 


+2? [- WS Tt Oat 
go Tolle lb 0 0 


Ly 0 | le 0 | 


+7 [0+0+0]+a* 
=a+(fP+P4+ 04040 +a°) a? + (af—be+ed)’. 


The student may show that 


A=| a boe dad |=(PW+V4+EP4d)*, 
hess Qo Eo 
—c d a = | 
—d —c Jb a | 


Writing another skew determinant A,, whose elements are 
e, f, g, h, in the same form as A just written, we see that 
A= (C+ f? +97 +h*)*. If we multiply A and A, together 
by rows, we get another skew determinant A,, of the same 
form as A and A,; the value of A, may accordingly be written 


(mi? +10? + 0? + p*)’, 
where 
m=aethf+eq+tdh, 0=—ag+bh+ce—adf, 
n=—af+be—ch+dy, p=—ah—bg+ef+de. 
We have then 
= (C4 PHC4 PY (CHP+ PHY = (a+ 0?+ 0° + p’)’, 
or (@W4+R4C4+a@) (P+P+y+h’) = (m* + n? + 0° +p"), 


which is Euler’s theorem. 
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121. Returning now to the consideration of skew symmet- 
rical determinants, let us take the two minors M and ™M, of 
109, and making a, =—4,, a,=0, the determinant itself is 
skew symmetrical; 12 becomes M', and M, becomes mae 
Now since every element of M' equals each element of M,' 
with contrary sign, or since 


rW dle y | . West 

M'=\ dy Oy, Gy >> \-and MM’ = | —a,—a,, = | 
Cag Con gi eis a Ong oe Ang | 
ate | | —Ay —Uy ° 


M! es (-—1)"M, 


where m, as before, is the order of the minors, 7.e., the con- 
jugate minors of a skew symmetrical determinant are equal if 
m is even ; but if m is odd, the conjugate minors are equal, with 
contrary signs. 

In particular, if n is odd, A, = A,,. 


But if m is even, A,,=— A,,. 


122. If the skew symmetrical determinant 


=| 0 (yy Aye 
— (yp 0 Cog 
| —@s 1a, 0 | 


is multiplied by (—1)*, we obtain 


—A=| 0 =. —Adhy; |. 
| Che 0 — Ogg 
| yg gg 0 


But since the rows of A are the columns of —A, 
A=—A, or A=0. 
It is obvious that, in general, the effect of multiplying a 


skew symmetrical determinant A of order n by (—1)” is to 
change the rows into columns. Hence, when n is odd, 


A=— A, 
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Therefore a skew symmetrical determinant of odd order 


vanishes. 
skew symmetrical ; hence 


In a skew symmetrical determinant A,, is, of course, 


123. From 121, where x is odd, the reciprocal determinant 
is symmetrical ; and, if n is even, the reciprocal determinant is 


skew symmetrical. 


124. I. Consider the following determinant 


A= : O —Gy —hy —Oy 
Gas 0 Co, —Aog 
hg Ae 0 — Ass 
Cys Cog Ass 0) 
and the reciprocal determinant 

A,=|_0 Ay Ay Ay 
(4p 0 Ay An 
Ay — Agr As, 

Aye Ay Ay 0 

Now, by 61, 

0 Aime = |) OD 

—A, 0 | Cog 

2 

0A. (=A, or A= oe 


and hence A is a perfect square. 


] 
’ 


| 


II. We shall now show that, in general, a skew symmetrical 


determinant of even order is a perfect square. 
Let 


A= QO Ge +? Gin ~ Any vee hy on—1 
Ay 1 0 ss* Aon Cg n+1 ees Ugon—1 
An 1 Ay 9 ve 0 On n+ ee* Oy on—1 
Ansir Gnz12 °°* Gntin 0 


0) 


*e* Gon on-1 


see ee eco cee see 


Agn—11 Con—12 °°" Oin—1n Con—1 n+1 


eee Chon n Con n+1 


Aon 1 Con 9 


Ay on 


(2 on 


On on 


fal Ona 2n—1 An+1 Qn 


Con—1 an 


0 


i, — Cy» 
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(oda 


Then, as above, 


Kay Aa On. | a A+ Bay, aanon (a) 


Now since A is skew symmetrical, and 7 is even, 


= = (ie ; j _ 
Bay == Nao aon =) ; and Aan, ——— Nea: 
Aa 
renga => : , e-* ani. b 
fe May = A+ Bay, dono} OF Se al (0) 
@15 GnIn 


Therefore A is a perfect square if Ag, aon, 18 a perfect 
square. In other words, a skew symmetrical determinant of 
order 2 is a perfect square if one of the next lower even order is. 
But it is obvious that a skew symmetrical determinant of the 
second order is a perfect square, and we have shown above 
in I. that one of the fourth order is a perfect square; hence, 
by what we have just proved, a skew symmetrical determinant 
of the sixth order is a perfect square, and soon. Hence the 
theorem is true universally. 

For a simple illustration, let us apply (2) to the following 
determinant : 


Az) 0 —e —g 92] =| 2 —a =e? 
e 0 .—t —wu 0, -—t —4u 
ot 0 —v i 0 —v 
" ; = (va — uy + tzy. 
2. v 0 | Von 6 y + tz) 
: 0 


As another application, we establish the following relation : 


9 (dg— Ag)” (y— Ay)? (Cg — 4)? (g— iy)? (A, — Ay)? (1g — Ay)” 


= [ (dy—Ag)? (4 — Gy)? + (g— 4)? (do — tg) + ( — An)? (A3— ay)? |? 


The first expression equals (see example 7, page 37) 


Ge Oe ly = kA RL seats Ope 
Ge ttc leds al 1 =3@ 3a” —a,’ 
Crane Oneal 1 —3a,=8a, —a? 
Gy wae ay 1 1 —8a, 3a7 —a; 
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= 0 (a —a2)® (ay—ay)? (a, — a4)? 
(a, — a)? 0 (d@2— ds)" (dg — ay)* 
(@3—@)® (a3 — ay)? 0 (a3 — a)° 
(a,—a),)* (as—a5)? (a,—a,)? 0 
=|(@,—,)® (a,—a3)? (a,—a,)?? + (a, —a,)° 
0 (dy — ds)® (dy — a4)° 
(dy — dy)® 0 (a3 — ay)® 


=[(G2—as)* (4 — ay)? + (3 — )? (dg — dy)? + (y — dy)? (dg — y)* ], 
as was to be shown. 


125. The following proof of the preceding theorem has some 
advantages over the one just given. Let A be a skew symmet- 
rical determinant of even order. Then Ag,, vanishes. Let 
B, be the complementary minor of a, in Ag,,, and hence a 
second minor of A. By 60, 


Bi Biz =0 3 1 
Bu Be ( ) 
and since Bi SS Bais Bis Bix — Ba (2) 


Expanding A by Cauchy’s theorem, 63, III., in terms of the 
elements of the first row and first column, we have, since 


Aa, — 0, 
= — Bay dy Pe = Say ty 4/8; Bas substituting from (2), (3 


in which 7, k have the values 2, 3, --- 2n. From (3) we have 
at once what 
A= [2n, Veal’ 

Here A is expressed as the square of a linear function of 
the elements of the first row. This function is rational if 
VB, is rational. But 8; is a skew symmetrical determinant of 
order 21 —2. Hence a skew symmetrical determinant of order 
2n is a perfect square if one of order 2n—2 is. But we 
proved (124, I.) that a skew symmetrical determinant of the 
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fourth order is a perfect square; hence, by what we have just 
proved, one of the sixth order is a perfect square, and so on. 


126. Since 
A = (2a, V Bil? 
=e [ay V Boo + Ais V Bs + (yg Vii + +** Ff Onn Wy Gael 3 


that is, since A is the square of a linear function of the ele- 
ments of the first row, we see that if A is of the fourth order, 
V/A contains 3 terms; then, if A is of the sixth order, VA 
contains 5.3 terms, etc. In general, then, V/A is the sum of 


(2n—1) (2n—8) --- 5.5. 1 terms. 


Every term of VA is, moreover, the product of n elements of 
A, in which no subscript is repeated. For, taking the term 
Ga V (ee for instance, we see that it consists of terms in which 
neither of the subscripts 1,4 is repeated. But /@,, will contain 
a term 3/733, in which, as before, ~/73;3; contains none of the 
subscripts 1,2,3,4; and so on. Hence VA is the sum of 
terms of the form 
Cy9 Cgy sg *** Con—19ns 


in which no subscript is repeated. 
If A is of the fourth order, for example, we have 


A@ = (0 “apeay Oy, |, and VAG= (yp Ggy yg doy  Ayy Gog). 
Gay 0) Gigg 1Ging 
Cts, Aso Ogg 
My Ay Cy O | Oy = — Ay 


To determine which sign is prefixed to each term, we observe 
that since the interchange of two subscripts of A amounts to 
an interchange of two rows, and also of two columns, and 
therefore leaves A unchanged, VA must be a function in which 
the interchange of two subscripts either causes no change or 
simply a change in sign. 
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If we consider any term of VA“, as dds, which the inter- 
change of the subscripts 1,2 transforms into Any gy = — Chyy Clggy 
it is obvious that VA does change sign on interchanging two 
subscripts. We have then the square root equal to 


yp Og, — Aqg Oog + Ayy Clos 5 (2) 


for, if the second term of (2) were +, the interchange of 2 
and 3, while changing the sign of the last term, leaves the 
signs of the first two unchanged. 

Since @;,=— a,;, it is always possible to so interchange the 
subscripts that all the terms shall be positive. Thus 


VAM = Oye yp Gig Gg + yg sg: 


127. In general, we proceed as follows : 
A being a skew symmetrical determinant of the 2nth order, 
A contains the term 


p 5 
( —1 ) ” Azo Coy gy Cys sg Clgs *** Con—19n Ban on—1 = (Aya gy Asg *** Gon—199)”* 
Hence VA contains the term 
F Ayo gy M56 *** Con—19, = T.. 


The positive square root of A which contains 7’ as its first 
term is an important function, possessing many properties 
analogous to the properties of determinants, and is called a 
Pfaffian. The notation 


P=[1, 2,---2n], or (1, 2, 8, --» 2x), 


has been adopted for the Pfaffian. From what precedes, we 
‘gee that the terms of the Pfaffian are obtained from the prin- 
cipal term by permuting the subscripts 2, 3, --- 27 in all pos- 
sible ways, and changing sign with every permutation. 

Since a, =— d,;, we may so arrange the elements that every 
term of P is positive. Thus in the case of A® above we have 


VAY = P= Ap yy + Ag My + Ms Aas. (p) 
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128. If two subscripts are interchanged, the sign of P is 
changed. Let a,,8 be the terms of P containing the element 
(,,. Then the elements of 8 do not involve the subscripts 
y ands. Interchanging 7 and s, let P become P'. Now 


oie Sy oh) 
P= P, 


since each square is A, in which two rows and also two columns 
have been interchanged ; 


. P. — + P'! 
But because of the interchange in 7 and s, 
a, becomes. — a, 8 3 


or, since the term @,,8 of P=—a,,.8 of P', it follows that 
P =— P', as was to be shown. 


129. We shall now prove a theorem by which we may com- 
pute Pfaffians of order 2 from those of order 2n — 2.* 
Assuming 


A) Be Cl 2a Sooste, de eee he ee (1) 
or, after making 7— 2 cyclical interchanges, 
A) Bg TE TOO, whe Da OF Ser gee (2) 


where £ has the same meaning as in 125, we show that 


VBiVBa = Bai (3) 
and then since 
Pe ae Cp V Boo 4p Cys V Bss “ae ae aP hy 2n V Bon 2n9 (4) 


* There is a difference in the nomenclature. We have here considered 
the order of the Pfaffian to be determined by the number of subscripts 
involved. Some authors determine the order of the Pfaffian by the order 
of the terms in the elements. Thus (1, 2, 3, 4), or !|a,,|, which we have 
designated as a Pfaffian of the fourth order, is said by some writers to be 
of the second order. . 
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(1,2, 3, ++, 2) = diy (8, «++, 2n) + chy (4, +++, 20,2) +... 
ports 2N—1) 


} ©) 


a 
2 
“> 
bo t 
oo 


To show that upon the assumption (1) or (2) the equation 
(3) results, we proceed as follows : 


Since Bu Br = Bis 


the terms of VB; WB, must be equal each to each to the terms 
of B;,, or equal with contrary sign. The product 


(—1)***(2, 3, +++, ¢—1, i+1, ---, 2n) ) (6) 
(2, 3, ++, KR—-1, k+1, +++, 2n) J 


becomes, after a certain number of interchanges, 
(k, Ps 75 15 2285 Uy v) Cp; Ty T3 85, **%5 Us t), (7) 
where p, 7, 7, «**; u, v denote the series of numbers 
» » 


OSs es ls 


exclusive of 7, k. Again, 


Ba=(—1)**| Mg2 gg °° ext Gontt *°* 
|}Az2 sz *- Ug OP 


see eee see see oe (8) 


Cais Gei5. ne ae 


Gira Aizig °°? Ciyte-1 C41 n41 


i — 0, Ons ='— ly ) 


becomes, after the same number of interchanges as were em- 
ployed to change (6) to (7), 


Cp ng Up a) ny Ars . 


Epp Ang Gyr . 29° Cy by; 


ay Dp at 4 Oy i pa Cay a qt ( 9 ) 
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Now the first term of the product of (7) is 


Shapley Cpt er Chats 


PY 


Ory Gyr ** 


which is identical with the first term of the determinant (9). 
Whence the truth of (2) is established, and (5) gives the 
desired expansion of P. It is to be noted that the successive 
terms of P are written cyclically. For example, A” being a 
skew symmetrical determinant of the fourth order, 


NS eed inde (lr hye 
and (1, 2,3, 4) = Gy Ggy + Ayg Gay + Gyy Aap. 
ies Se ade ONY care - 6)’, 


qd, 25 ++ 6) = Oy (3, 4, 5,6) + hy (4, 4, 6, 2) + a4 (d, 6,2 5 
+ dys; (6, 2 NOs 4) ae Aig (2; 3,4 5 5) 


os 
wa 


= Ayy Ag Ogg + Alyy Ags Ugg Ayo Age Ug; 
H+ Ay Cy5 Meg + yg Mgg Cos + Cyg Ayo Use 
Hf yy Ase Cog $F Aa4 Ugg Ogg + Ay4 Ag Ugo 
Ht Ay5 Olga Uy4 + Aq5 Mes 4a + Ays Ops os 
Hb C46 Coz C45 + yg Gog 53 + yg Qos Coy. 


130. The student must have already noticed the analogy 
between determinants and Pfaffians referred to above. The 
following notation, based upon this analogy, is interesting. 
Since the Pfaffian involves just half the elements of a skew 
symmetrical determinant like A of 124, II., we write the 
Pfaftian 

P=!ay Gy Gy + Aha im  |s 
Clog Clog *** Agon—1 Co on 


Chis age Cs Qn-1 Cs Qn 


Cop—2 2-1 Agn—29n 


ies Oon—120 
which is shortened to 


| Cy Clog Cay + ** Clon—190|5 or to Sa on) SOL to | | Cy on I. 
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In particular, we have for a Pfaffian of the third order 


lq 0, | = Sff(aybee3) = Ila, dy C3 | 
by © 
Ce 


cS) 


We may accordingly write equation (p), at the end of 127, 


/ 19 
VAM =(/@,|, or rather A@ = || a,,); 


and the general equation would be 


\2 3 
. 


Ae” = | | Cy 2n 


131. We must here conclude the discussion of Pfaftians with 
the theorem: a bordered* skew symmetrical determinant is 
the product of two P fafjians. 

From equation (0), 122, IT., 

Moo =A. Aan, Can In* 
oa Ag, = (1, 2, <--, 27) (2, 3, ---,2n—2, 2n—1), (h)s 
which proves the theorem when the determinant is of odd order. 

Let A” be a skew symmetrical determinant of odd order. A,z,; 
is a skew symmetrical determinant of even order, and hence 


,i—1,74+1, +++, 7) 


W Bag = (=1)'"1(1, 2, > 
--,7—1). 


= (i+, ---, 2, 1, 2, - 


Now A being zero, we have, by 60, 


Me, = Ba; Aa 
(2) 


SAG = (415-75 A, 2, <b) — 1) 
oorg My 1,2, +99) K—1), 


which proves that a bordered skew symmetrical determinant of 
even order is the product of two Pfaflians: for any minor Aq, 


* A bordered skew symmetrical determinant is one in which the minor 


of one of the corner elements is skew symmetrical. 
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of a skew symmetrical determinant is evidently expressible as 
a bordered skew symmetrical determinant. 


If 
a, a 
NN Che le *r, we find by (1), 
hy = 
Bag =—| U2. Mig Ay Gy Aye 


Clog ag lng = Ung hg 
Mgo gg gg g5 ag 
Cyg gn Agg~ ys Oly 
Msg sg sg 5 55 | Giz = 05 Og = — Oey 


=—(1, 2, 3, 4, 5, 6) (2, 8, 4, 5). 


A =\a,|°"— — ©, we find by (2) 
Gy == 
Day =}, Ap, Ay Ang 
My, As hs My| = (5,1, 2, 3) (3, 4, 5, 1), 
(tsi gg g5 = gg 
Qs, Gg Qs Oz, | Ay, = 0, d,, = — Asp 


as the student can readily verify. 


Circulants. 
132. The resultant of 


S(®) =a, +a,%+a,=0, ven GL 
p(w) = a —1=0, (2) 
by Sylvester’s method (92) is 

Cy As OO Ras) Tone Keky tery et rire 

OF Gy Tide Ge lO Gs Gy Ay 

OO Sarees tet. Qs, As Oy 

LS OSes O58 6) 

OF OE Wo ees 
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Now a, a, a; being the three roots of unity, it is evident 
(94) that : 
Fi = f (a1) f (a2) f (as) 5 (3) 


or, denoting one of the imaginary cube roots of unity by a, 
the other is a’, and we may write 


R=fA)S(@)F(@) 
= (+ dy + ds) (ha? + dsa + ds) (da + Ayo? + dy), 


an equation exhibiting the factors of R. 


133. J? is evidently a symmetrical determinant formed from 
the elements a, a,, 4; in its first row, in such a way that the 
last element in every row is the first element in every succeed- 
ing row, and the other elements are written in order. Such a 
determinant is called a Circulant.* The intimate connection 
of the Circulant of the third order with the cube roots of unity 
was shown in the last article. We shall now prove that, in 
general, the circulant of the nth order, 


C = C (% Mg «°° Gy) =| Chg Gg see Oy 1 Cy, 
Ay ay Gy °** Ang Oni 
An -1 Uy CR 209 Cn—s On —2 
Cs Uy 5 Cy (ly 
Mlg- Uz Ug *** Uy My 


is the product of all factors of the form 
a, aj" + a, 14)" + Ay» ap 4 ve + dga, + dra; +a, = J (a:) ; 


in which a; is one of the nth roots of unity, and ¢ accordingly 
takes successively all the values 1, 2,++-. In symbols, we 
are to show. 

i=n 


C (a Cy Cg +** A) = Il (a,a," + On 104" ” Sues te (by a; + m) 
i=1 
= f(a) f(42) Sas) ++ Fn) 


Write another determinant of the nth order 


* The Cireulant is of frequent occurrence in the Theory of numbers. 
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9 as 
A =— 1 ay ay ay” IOS a,” - . 
9 3 n- 
il ag Og” ee) wD ay" a 
9 2 : 
daar dg: @ an as" 4 


1 eae on a, a eit gee 
Multiplying by rows, 
CA=| f(a) F(a) > F(Gn-2) I (Gn) 


o,f (a1) ay, (a2) see ana J (an 4) On J (On) 
ES) es) oe Ai nad (m- i ove, AES. 


ay f(a) ay Aas) Sasi Ses fa. 1) f(a) 
Factoring this product, 


CA = f(a) far) +++ Pon) A- 
oO = f(a) (a2) ++ Fan) 


i=n 


n=] : n—2 
= I (¢n a, + Oya)” + +++ + dea; + a). 
{= 


For an illustration, |x 0 0. 0 y | 
gee ee). O50} 
Oops ae OP 38) 
COs eae) 
OW GO a | 
= (@+ my) (% + ayy) (@ + a37/) (@ + a4) (x + a;7/) 
= (e+ 7) (+[ VWo= 1 pues v=ily) 
4 
(m+ | ao Vie =i|r) 
(° at ae % SAGE Ty) 
4 
VBI oan ) 
(» +|- 4 Yeas 


= 0 + ys 
as was evident from the beginning. 
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-j 


134. The circulant of the fourth order 


C= ae: a 
| 
| 


Gy As My Gy 


can be expressed as a circulant of the second order, as follows. 
We have 


=CG=|%  —as a —& |= | Gr dy O% 
ies 0 — | Ge Ga Oy“; 
i, —th G, =O; | 4o yy ty 
eS 0,50; —h, | pp hy Oy ay 


The first of these determinants is obtained by interchanging 
the second and third rows, and multiplying by (—1)?; the 
second is obtained from the first by reversing the order of the 
rows, and then reversing the order of the columns. 

Multiplying them together, 


C= 
A —2doey+a, 2aa,—a/—a/ 0) 0 : 
2a,0,—af~—asy? As? —2 ayo +? 0) 0 

0 ) 2a,0,.—a—a,7  ag+ag—2 ads 

0 0 Alyy —2dg+ ae 2 Aedy— As? — Oh? 


Whence expressing C* as the product of two minors, and 
extracting the square root, 


C = Cy Cy ae 4 a) oe Cs As at (a) 4 As ay — Ag Ag oe Cy Che Saar 4 4 5 
Ag by — Ay g + Ag — yg yy — Ag hy + Mg Ag — Ay Uy 


as was to be shown. 

The method employed in this special case is equally appli- 
cable to show that, in general, a circulant of order 2n can be 
expressed as a circulant of the nth order. 

We add the following proof, bowever, which is based upon 


the fundamental property of circulants. 
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We have to show that 


C= |, My. Gy +++ Gon 1 Am | = |G, Og <+* Oy On | 
Clg Ay Clg *** Clon_9 Clon -1 | Unt, PUR Meno Ond 
Con 1 Con, Oye se sce Con 9 | Dy b,, ok bys Dy» | (1 
Og 0g ge hy, ED Opera nes 
hy OPO ign k “Ge | Oy) thes ee Oe eee, 
where 
by = My — gy Ay . + on Og — 4 **+ — Go On 
by = Ug, — An Iy.—-—s Fg — ees — Oy a, 
by = As, — Ay py + gg = — Hes — Ag Mo, 


Dy, S Agy_1 Uy — Ag bg + Chay, 3 Mg — Fo +++ — Chg, Mons 


The first determinant 


i=2n 


C= It (Go,07"" b oy 04”? Conga” ose ya; ,). (2) 
I=. 


Now for every 27th root a of unity there is one —a. Hence 
(2) may be written 


Oe U (b,a°" 74 Daa Or a ape Se b,a,* aP bya, += by) C (3) 
‘2 : 
If SE. 04. Ga, HE ds F cE Ga, =""5 sea 


are the 2th roots of unity, it is evident that 


ots oo. 2 
CSTie) SCF Tebye SS enc, 
are the nth roots of unity. Hence the second member of (3) 


equals the second determinant of (1), which establishes the 
theorem. 


For example, 


ceed yea fe eat 
GR Xa c He Th; 


Oil ah Mo 
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in which 
E=@¢+4+¢—2bd, =— pb? — d?+2ac. 


“ C= (7+ —2bd)?— (2ac — b? — d*)?. 


Centro-symmetric Determinants. 


135. If we suppose a determinant to be symmetrical with 
respect to the centre of the square (centro-symmetric*), we 
have, if the determinant is of order 2, 


A=) 4) Go 2 Gara Gn On Dy Nea Digi COia. |< 
An Ay ++ Agn1 Aon, 0y dy a= Opn y Opn 

Oy Ane se* Ann—1 Cnn Dua Dy» a b, n—1 Oo 

b,, n d,, n—1, °° D,, 2 Dir Ann OUnn-1 *** Ane Ong 


Bon Dani °** Doo ber Gon Gan. °°* Age Gey 
Bin Orn1 °** Die Oy Gin Gna *** Me Gy 


We will transform A as follows: add the last column to the 
first, the (27 —1)th to the second, and so on, finally adding 
the (n+1)th to the nth. Afterward subtract the first row 
from the last, the second from the (2n—1)th, and so on, 
finally subtracting the nth from the (n+1)th. Then 


A= Gy + Oy e+ Gy + Oy My 2a Din . 
Ay + Day, +++ Aon + Oy Day shee Doy 
J 
Gna te Dan s2* Onn ae Di Diy er nn 
0) ea 0 Gan — Din 0 LN ic! Dan 
0 sz 0 Gon — Day o+* gy — Oo 
i) ae 0 Ain Ea dy pel yy fe Din 


*Tt may be shown that the product of any two determinants of the nth 
order is expressible as a centro-symmetric determinant of the 2nth order. 
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A=ldn+0n e+ Oma + Ginat Oe Gn + On 
| 
| Ag Bon Clan Dona 2** Clon + Don an + Dy 


Any = De One + Orin <°* Unn—1 = Dag Onn, + Ba 


! 
| 


x ann — Dat Cnn—1 — Dy oe ay = Dried yy — Ong 


eee eee eee eee eee 


on — Dn Aan—1 — Dap +** Glog — Don 1 — Don : 
Qin — Oy Aner — Oy *2* Che — Oy On — by, | 
If A is of order 2n +1, we write 


A=/Q) thy coe yy, fee Oy > “e208 BO r a On Ae 
a, a a a) cn ee 


Chae eb '3aGe OPRAE EU ee eee Sour A se Ha. 
4, le Gon. lps i the ow 2G th 
ee Aires soc Wie The C8 DOR iy Gn | 
Din) 6 Open sO Ky My, 8s hy Ay) 


By making just the same transformations as before, we 
find 


A=[47+ 0, e+ Oma + Qutbn 
Gay + Bon ag Deny + an + bn eg 
Ont te One Ane Onan i Dna k,, 

2G ile see 20 tf 
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a ari 


Collecting results, we have: a centro-symmetric deternvinant 
equals the product of two determinants each of the nth order, 
if the order of the symmetric determinant is 2n; if the order 
of the symmetric determinant is 2n +1, the factors are of order 


n and n+1 respectively. 


For an illustration we expand the following determinant : 


ath b+g 
b+g ath 
e+f dt+e 
d+e c+f 
ath+d+e 
b+g+e+f 


x| a—h+d—e 
b=" —s 


nae, th Ol ef. mii 
Donato ud. -O. fo Cai yt 

oo TER” oh MMe am R Ny «We 
Vanes OL, a ng fe 

Cj Gf lie G 20 cord 

f-¢ boo a de 

Ga lie fe Cen OO 0 

h g Gd 50 OG 
e+f d+e|x\ja—h b—g 
d+e ce+f b—-g a-—h 
ath b+q e—f d—e 
b+y ath| |d—-e c—f 
b+g+ce+f x\|ath—d—e 
ath+dte| b+g—c—f 
b—g+e—f|x|a—h—d+e 
a—h+d—e b—g—e+f 

Continuants. 


c—f d—e 
d—e c—f 
a—-h b—-g 
b—q a-—h 


of g Ef. 


ath—d—e 
b—q—ce+f|. 
a—h—d+e 


136. Consider the three simultaneous equations : 


(a) 3a, — Wo — 1 
(b) a +4a— %=O0¢° 
(c) Xp + 5a, = 0 
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From (a), 


ees 
xy 
From (0), 
Lo 1 , 1 
Pe ae oe ane ae aaa 
heal! 
——4 3+ 
ii Xe 
Ly 
From (c), 
%3 Le os 1 
SS SSS Oe el lle a ere 
2; 5) : 1 
3 B+ aaa” 
a 
5) 


The value of x, is thus expressed as a continued fraction. 
If we solve for 2, by 69, we find 


Dep ll —T 0 (S18 i oo 
0 —1 1 4 —1| 
Oey lS tall a ett e eleemeee 


We see then that a continued fraction may be expressed as 
the quotient of two determinants. 

We shall now proceed to the application of determinants to 
continued fractions in general. 


137. From the simultaneous equations 


(1) @a%—% =a, 
(2) agX + Ay Xo = Hy 
I (3) as Vo + As Ve = Ws 
(n— 1) ; Cy, 1,9 Gy 1 %p_y = @, 


(7) ay U1 35 a, ey, = Cri 


o 
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we obtain from (1) 


as obtained from (2), (3), --- (~—1), (m), we have 


ay 
dz + a; 
i 
Ba ke 
An — Ens 


The value of a, is seen to be expressible as a continued 
fraction. If we stop at the nth quotient, and thus take the 
nth convergent for the value of a, then 2, and all the suc- 
ceeding ws must be conceived to vanish. In that case a, is 


the continued fraction. 


aie ae ag On] On, 


tie = eee . 
ty ae Che fe (bg ate by A Cy 


The consecutive convergents to & will be denoted by 


ra Me Oe Qn 


; : Bate : 
The determinant expression for —* is now found by making 


%,41= 0 in equations I., and solving for a, by 69. We find 
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a, —l 0 0 0 0) 0 0 
| Os dgee eA 10 0 0 0 0 
0) CL. Cs —1 ) 0 0) 0 
| 0 i) Oy Ms —1 0 0 0 
lc Sere 
ED iat) 0 0 0 toy py Bed 
Mists aie abe 8 OS eal 
== = : += : ee ey 
a, —Il 0 0 0 0 ) 0 
| Og a =) 0 0 0) (0) (a 
0 a a ==i\ 0 0) O 0) 
| 0) Q QO QO 0) Cnr Oh a == )f 
let)? «i> 0) 10 * 10 ee ee emery 


which is the determinant expression sought, and hence is 


On 
Looking at numerator and denominator of this convergent, 
we see that 
Yee. =) AQ, 
da, 

and thus dQ, 

fl 

F= eo pO. Mie Sane d (log @,,) ; 
Q, day, 


138. A determinant having the form of Q,, in the preceding 
article is called a continuant ; t.e., a continuant is a determi- 
nant in which the elements outside of the principal diagonal 
and the two adjacent minor diagonals are all zeros, and one of 
these minor diagonals has each of its elements —1. 

Since 


ea ae) eae G80 0 
ay Ag —1 0) 0) (0) QO 
Oar dy . —1 0 0) 0 
0 0 0 0 Opa Gn =S5ih 
0) 0 0) 0 0) a, a 
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=| a ay (usa on) O08) 


>] 
—1 Cy a. 0) 0 0 0 
0 —l a ay 0 0 i) - 
0 0) 0 0 as <0, 
0) 0) 0) i) 0) —1 a, 


it is immaterial on which side of the principal diagonal we 
write that minor diagonal whose elements are —1. Also we 
may write 


Q,=| aq j—1 O 0 ag 10) 0 0 
ay ad -—l 0 0 0 0 
0 ay ad; —l 0 0) 0 
0 0 0) 0 Ort fdas ek 
$7 0 O.- 0 0 an, Os 
=| a, 1 De 0 0 0 
a dee 1 607 0 0 0 0 
QO —a ct 1a EG, 0 0 0) 


0 0 0 0 Qs agen nes if 


Ay Uy —1 0 
Oo a; “de — 1 
| 0 0 Os Oy 


Returning to nis we may now write 


n 
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or, the nth convergent to a continued fraction F is expressible as 
the quotient of two continuants multiplied by the first numerator 
of F. 


139. Expanding P, in terms of the elements of the last row, 


we find »° 
P == ay Gg G4 *°* Ay 
? Ge hg ees 
== ay de ol 0) 0 see 0 0 Oe | 
Cr Cleve eere=s Laurie) 0 0 0 
Oe Gy ad, —l 0 0 0 
0 0 0 Cae Ops G5 1 
0 0 0 0 0 oe 
+ a,a;| a —l 0 0 0) 0) 0) 
Gin (ahs —1 0 0) 0) 0) 
0) Oy (ly —L 0 0 0 
0) 0) 0) 0) Gn-3 ioe 1 —1 
0) 0) 0) i) 0) ay 92 Un -92 
Pie ai( Gg Ga en ) te ona ( Mig Og <0 aay ) 
Gg Clg 9 ses Cy —1 dg Ag  *** Ono 
S ay, sae ae ay bigs 2° ‘ (A) 


Similarly, 


= Oy Q,4 se ay Q), 93 (B) 
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140. It is to be observed that the equations (A) and (B), 
besides establishing the law of formation of the consecutive 
convergents to F, give the expansion of a continuant of order 
n in terms of continuants of lower orders. Thus, by (B), 


Op), Sg. te Og Gs a 
=a a 
G, GW. Ag Gy) _ 4 \G, dy Gy Bi (ty Ay J? 
ay Oo 
== ed, (yas (a a ane 
344 Ay Ms = 4 3 1) + 4 Om, Ge 


= Hh Ag Hy Uy 4+ Ag Ag My + 03 yg + Ay Ag ay + ay ay. 


141. Equation (B) is, in fact, a special case of the more 
general theorem 


Raa tous OL ge = Ag Og *** G, \ Gray ee Oy 
tee ye = SOF Nay Gye) Oe \Giy) 8G, 


ae a ag *** Oy ) Oyrtg **° An ) 
r+l ° 
Qi wees pe) NOtom, oe Oy 


This is easily proved by writing out the continuant of the 
first member in full, and expanding by Laplace’s Theorem 
(55) in terms of the minors formed from the first 7 rows and 
their complementaries. 

We may also use (B) to obtain another expansion of Q,. 
Thus 


Gg dg °°* Gy Gg .dg*** Gy a Ag As °° Ay 
== it, ay ? 
Gi Gy 2% “Oz DNC genes we fi, OOO (008 (0 


as the student may easily verify by expanding the first member 
in terms of the clements of the first column. 


142. It will afford the student an excellent exercise to take 
the quotient 
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and, with the help of (C) of the preceding article, transform 
it into the continued fraction 


a) ag as a, 


a, +d +43 +a, 


143. 57 or 62 established the theorem 


Oh deed Oh dX d& 


ne ee SS Se 1 
dai,Ad,, Adi, Ady, Ad, Ad; () 
O< : eee , 
Let A= Oh. = y a ; 
G, Os -* Gi, 
and let tsak=1, prHEe—n 
ry 2, 
Then aA Be Cay es Rl gh 
—— b] 
Ady Ady», ghd <2 es ay 


where P,,_; has the meaning assigned to it from the beginning. 


Also CADW) Geers aly ae 
day gig =e" Pe) mae 

Similarly, 
dA ada 
—— = 9d, °°: a, 3 —— =(-1)""; 
Ady, AG 

and dA ma ag Ag °** Ay _y = Q 

a > it) 
Aj, A Cy coo Gy] a 


. Ap Ag °** Ay Og Gg °° Ay} 
ly Gln 22° On J \lg Ag 2** Oy 


ag eee On ay eee On] 
= 4 ate (—1)" 1a OQsvene ale 
Ay Mg -°° Gn J} \Gh Oe **- Gn_1 ee We 


or Qn Par a Te Qn-1 = (—1)"aazag+++a,,. 
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144. With the help of determinants we may now show 
that 


FH=U © a3 On ay, Ant] Ory 
(ly + My + Ag FO +O, + O41 + Gy, 
equals 
= as as es ee Gy, 


G +O +0, +9) +% +041 +4, 


Express /’ as the quotient of two determinants, employing 
the form obtained in 137. Now transform numerator and 
denominator of this determinant as follows. Multiply the 
(% — 1)th column, and divide the (4 —1)th row of each deter- 
minant by —a,,. Then perform the same operations upon 
each succeeding row and column. Afterward multiply the 
(k —1)th row of each determinant by «. The value of the 
fraction is not changed, and we obtain for the value of /” 


0 @% —1i 90 0) 0 0 i) 0 ) 0 
Ge a © a, 1 2 RP | agg ae 0 60 
eee) 0. Ore ee ogy, 0. 0 Oo O 20 
poe, 6 60 CD — eae se Olle OCU 
Pee . 00 Clean te tO 0 0 
MO. 8 .0 4 pep we On Geen ithe 
oot OO Coe SU 0 end iA 
Pera 2 0 OO 8 Oe Oa 0K 
0 Ge oe —a &- 0 0 0 0 (ec) 0 
PE 0) ie, Sy ‘ogg 0 OY Oe 8 
0 0 0 QO. +--+ —@ @1% —xe 0 (OY soc, 28, 0 
CG Ol ee) 0. ag) ty ee Oe '0. 0 
Par 0. O Vet, Uh am Ce aa) duet 


180 THEORY OF DETERMINANTS. 


Now divide the (k—1)th column, and multiply the (4 —1)th 
row of numerator and denominator by —a,;. Then divide 
the kth column, and multiply the Ath row of numerator and 
denominator by —a,_,#, and perform the same operations upon 
the succeeding rows and columns. We obtain 


a —1l O 0 0 0 (0) 0 0 0 0 
On bG, sl e() 0 0 0 0) AY aac <0) 0 
MSO age dag Le OCD cf TO ee Ors tea Om 
0 0) 0) OD estore (Cy — nl) (Oy ace 16) 0) 
1G) 0 0 Or sO Paty de — le Oe ee) 0 


O 0) 8) 0) sicis) 0 0 On4 On —_ 1 eee 0 0 : 


OSCA0 nul OO ee OE OL Oi Orne aos ener 


a —l1 0 @ odo O- O 0 (QP cus 10) 0 
dy, oe Sb coe 10) 0 0 0) nee 
0 a; Gy —1 ss. 0 0 0 0 OF asene 0) 0 


j=) 
=; 
So 


0 10) 0 1) OD Ay, 1 Oy — 1 0) 0) eee, 0 0 
0 0 0 (sco WO ree oR Sah Ma 1) 0 
Oo OS 00 0 a8 OO ale ae ee ee 


O50 OSC ORs 0 0550 eRe nO wee eee 
But this quotient is the continued fraction F’. 


145. In a certain investigation it becomes necessary to 


show that the denominators D, and D, of the convergents 
to the fractions 


bb 20 me pe b 
my + My +a, Uy, + Gy 1 a. +h 


are equal. 
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We have 


D, = | Cy —1] 0 0 see U 0 
b (ai > — it 0) (0) @) 
() ee al el ave 0” 0 
GPF oreae 70) Doth. 
0 0 0 0 @) b 
and 
De! a. —1— 0 0 00 
D- a,5, —i) <0 OPO 
OB ay a) 
0 0) 0 0) oy Take 
©) 0 0 0 OV 26 


By reversing the order of the columns in D,, and also the 
order of the rows, and afterward making the rows the columns 
in order, the original determinant is unchanged either in sign 


or magnitude. 
ole OPE 


146. The quotient 


[by e, | 
1a Dy es | 
can be expressed as a continued fraction, as follows : 
[1 de | Or. 0 
On 5-65 | (5) doe ANCE 
[Do es | 0 Dy &% _ dg dg [dye] ‘ 
lay by gl Ge Oy Gy Ove, 0 
Gin On ts Gy Ug 1B,¢a! 
Cnr Gears it, Ds. 1d, eal 


But by these transformations D, is changed 
Whence DP, = D,, as was to be shown. 
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Dele ay ves be 0 isc 
labs] by | By ee] |g bs | by = | 
0 bs 1 Br65| 0 — By] biel Br ¢3! 
ay || dt, Ds | bd, 0 | ay Ds | —1 0 | 
| dy bz | Do | By cy | | — 5, | ays] dy —1 
0 by i) byes! 0 =~ | Orcs) Tet 
bs 
}a,bg| 0,1 Gpdg| 
Dy bs | by ce | 
| Byes | 


This process is equally applicable to show that, 
Ay 


the quotient of two determinants 


tinued fraction, provided only that 


in general, 


is expressible as a con- 


dA, dA, dA, dA. 
(NB ey a) = =) AN a reoe jy 2. 
day, day n dd, AAnn 
147. The continued fraction 
pes |e ey ge ee = = 
‘ ici et as WG +4, 
is evidently equal to Oy Gy os ap 
ie Wai (ey ep = 6): 
a2 as On) (aie 
Chy Cy = Oy 
For 
aj.—l1 0 O 5 Oa ee = Ea) 
Oae —  ONE--  On nO 0 a —1 0 +. 0: 0 
0 a eek 0 me 0 a, Gd —1--. 0 O 
OE ay be Ree a | O07 F20: Ge Gs ae (OO 
O20 E05 08 Get a HST) Crees iad see ee 
Oa a0 a0 ay Os 
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But the first determinant in the numerator may be written 


0 —1 0 Crore Nee) Heese (Q) er] ae () Oe cos. M0 205s 
Ns SB a GS oe rr | 
Oo 4). da tat 0 0 | Ook mgr aged, ben Te Oi 
Cie 0 as Cs OO | | Oe) Ay Gy ogo» WO 0) 

ot Te | 
G0 0 0 am O, | « |O 0 0 0 Cihny oleh 


whence the desired result is at once obtained by substituting 
in the numerator of the value of F, and adding the deter- 
minants. 


148. We may, with the help of the preceding article, express 
the value of the periodic continued fraction 


by be Ds bs bs Dy 
m + Age : - 

a +a, +4, +d +4 +2m 

* * 


as the quotient of two determinants. (The * marks the re- 
curring period.) 
If we put « for the continued fraction, we have 


iy +d, +45 + +a, m+a 


clearing of fractions, and expanding, 


by b, ae Us Dy Db, ae 9 Do Dd, oes b, by ) 
a Gy hg 2" Og Oy Gi Ge + Gy G 


b, by nes by b, bd, dy sane by 
== ce + x“ . 
~ \m- 0, Gy s+ Gy &% ™ M Gy Gp +++ Ag 
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But the first term of the first member equals the second 
term of the second member of this equation. 


Db, dy s+ bs bp by | 
ith ely. (ely GO Cole ei Lehy HD) | 


DHS as : = ss eS ne aS 


by bs ei b; by 
A, Ug Ag -*- A, Ag 


149. Let us now consider the ascending continued fraction 


a ie 

eas On cae OL FE 0g SE Og sets 
y+ yr hs he) Gy dh, 
(ly 


et = 1 


ty 
Denote the convergents to F’' by 


‘et UME eT er 
q Nn Qs Qn 


and let us obtain the determinant expression for the nth con- 
vergent. 
We have evidently 


Fn = A, Ay Ag ++ A 


‘ne 


p, is determined from the following equations, which the 
student can easily deduce :. 


Pr = ay 

— Asp + Po = ay 

— An Po + Ps = Oy 
—Gn—-2Pn—s + Pa—2 = On—2 


— An_1 Pn—9 + Pri === 
Gn Py-1 SRD = Ay. > 
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From these equations 


Da i! 0 0 peo eet 0 0 ay 
—ad 1 0 0 0 0 Qy 
O > ae oi 0 agen eat 
0 Qs-= 0 =G.9 «1 Gpe5 
0 en) Oe Oerieel  Ot sa 
0 0 i) 0 0 Oh ie 
== a —l O 0 OS amOie Z| 
Gg a Oe Oe <Oiere'} 
Re Ones 1s 0 Re 
ee. 0-8 8 fe ho RRO 
een ee 0) 0 a4 —l 
rag | er aan |) Qe 0 wae 
a —l 0 O 0 Oo 4 
a Md —1l O 0 0 
nen Aen Gt ee ds nial) 
ee Ole a4) d,-7 —1 
Dn an (pres = 1) Oh” Sas 
Yn Ge adie ih 0) G-a°0 
0 td —1 O 0 0 
0 .0 a —1 eo) 
G0 0-9 Q,4 —1 
OOO) OP tees ot aor 


4 Dy 
150. The numerator and denominator of — can be trans- 


wv 


formed into continuants, and thus the fraction F#' can be 
transformed into a descending continued fraction, as follows: 
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Multiply the last row of p, by a,_;, and subtract from it the 
(n—1)th row multiplied by oa,; then multiply the (n—1)th 
row by a,_», and subtract from it the (n—2)th row multiplied 
by a,_1;;. and soon. Then 


Qy — 1 0) 0) sae 0 0 0 
0 Aa, +a =O 0) eee 0 0 0 
0 —Aya3 Asa.+a; —ay::- 0 0 0 
0 0 0 Uae Ay—20 1 An 1On_2 =F Oy] —~Opn_2 
0 0 0 O - 0 = An 18n, An On] + Ay 
Pp= ————_________—________. 
On-18n-2A%y-3 *'* AgAyay 
Similarly, 
Cy ~1 0 Opes: 0 0 0 
= Aya Mya, + ay —a, Wc 0 0 0. 
0 Ast;  Ugto+-a, —ay «= 0 0 0 
0 0 0 QO 2 An—2 U1 —2 
On—1 ate On-1 Ca=3 
0 0) (0) (@) see (0) a An 40 ees 
Un — z . 


Gy_1On_2A, 3 *** Ay Q, 


Whence, by 144, 


Pr 
Qn 
ke a) ay ay 20103 Uy —90.n —3n—-1 Ay 1A 90, 
Ay —Apa;-+-a2 —Asag+-a3 —An—10 2 On_1 = —AnOn_i-ba,” 


the descending fraction sought. 
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Alternants. . 


151. Consider the determinant 


bh 2 -l 
A= | tom) a? - ean) 
| La ois Gy” a 
; 2 <a 
PU a A: ae Sm Pema 


and the product 


P= (q—)) (Ug— A) (y—) + (4, — A) 
X (Ag—y) (Gy—y) ++ (4, — Ay) 
X (d4—Ag) +++ (A,—y) 


eee eee 


X (G,—4,-1) 


of the 5) differences of the n different quantities involved 
in A. This product is called the difference product of the n 
quantities @), M.,--- a,, and for it the notation 4 (a), Gy, dy, +++ My, 
has been adopted. ; 

The reader will remember. that the square of the difference 
product was denoted by €(a, ds, --- a), and thus the difference 
product itself is very appropriately designated by ¢°(a, ds, «++ My). 

We shall now show that 


A= PZzE(dy, Ao, +++) G,)- (1) 


If in A we put a,=a,, A vanishes; hence A is divisible by 
each factor of P, and hence by P. Again, A and P are each 


polynomials of degree AG —1), and therefore 


A =AB(a,, Gy, Ag, +++) An) 


where A is a factor independent of a, a, ++ a,. From the 
special case 
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= (My—M) (€g—M) (43— Me) g 


we see that A=1, and thus the truth of (1) is established.* 


152. A of the preceding article is evidently an alternating 
function; for the interchange of a; and a, amounts to an 
interchange of two rows in the determinant, and hence changes 
its sign. A is accordingly an Alternant. In general, an alter- 
nant is a determinant in which each element of the first row is 
a function of a, the corresponding elements of the second row 
the same functions of 2, and so on. Thus 


An) BO) fal) | SALA, HO) ~~ A] 
PACA ea come Ree 


A= 


L Ain) So(®n) ++ Sn (%n) 
is an alternant. 
153. We can easily show that 


$=) 1 A) AG) fale) |= WO ay 9); 
1 f,(%) So(@2) ++ Sn-1(%2) | 


1 Si(@n) Fo(%n) Bey Fn—1\&n) | 


where /,(v) is a function of the rth degree in a, and X is the 
product of the coefficients of the terms of highest degree in 
the several functions. For subtracting the first column mul- 
tiplied by the proper number from the second, we reduce the © 
elements of the second column to 9,9, 12%) P%, °** 9) %q. 
Then subtracting the sum of the first and second columns, each 
multiplied by the proper number, from the third column, the 
elements of this column become pya,”, poa.?, +++ Po%,2.  Pro- 
ceeding in this way, we°see that finally 


A= AE (ay, Way o°° Wn) 5 


* See also examples 6 and 7, page 37. 
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where A Py Py? ys 


For an example, putting 


T(x) = xv(a—l ) ne) Bor (a—7+1) 


Fy A) ay a (n= 2)1 2 


A={|1 flay Al) -- fam) | G(r, Way +++ By) 
1 : 


| 
| 
Bere Seth ee Sry. 


154. Every alternant whose elements are rational integral 
functions of 42, %, --- #,, is divisible by €3(a, a, a5, +++ @%), 
and the quotient is a symmetric function of the variables. 
For the alternant vanishes if #,=2,, and hence is divisible by 
x; — %,, and thus by ¢(a,, a, --- #,). The quotient must be a 
symmetric function, for the interchange of #, and «, changes 
the sign of both dividend and divisor; therefore the sign of the 
quotient remains unchanged upon the interchange of two of 
the variables, and is accordingly a symmetric function. We 
shall now actually perform the division just considered. Alter- 
nants whose functions are powers of the variables are called 
simple alternants, and are of frequent occurrence. We proceed 
first to the discussion of simple alternants. 


155. The quotient 


ee pe ae Lie wets ae pm tee: 
fel ay ty ay ACH, 2 a A i7?, ay Bg? 2 * By 15 al) 
— ae 4b My swe, 2Yy = si 
foie nae tee iat eee C3(Gq, Uo, o> 


eee eee nee 


may be developed as follows : 


Expand the dividend A in terms of the elements of the last 
column, and we obtain 
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A(x,’, Be Og tyacie ep tety ey 


o 


/ dA 
= a,! dA 4a 7 GA eee tf S (1) 


da,! aa 4 da ane : 


Now, it is evident that each of the minors in this expansion 
is a difference product. 


Thus 

a eee m2 | 
dA = (—1)"" ND eee CR | 
du,t ioe ws OG | 
A) m—2 | 
Lie rs Croat | 

2 ne apt —2 
Sop oy SON a | 
eee oe | 
~~ v~2. at —2 | 
i Ly, Ly LA aes | 


=(—13;""" GC (a, X5 eee roa Wty) aoe wis (2) 


Substituting in (1) the values of the minors as found from 
(2), and dividing both members of (1) by @(a, a, +++ @,), we 
have a series of terms, of which 

(—1)"*"a, 
C,—2,) (&n_1—%,) pape! (X41 —2,) (%,—®,_1) a (2,— 22) (%,—2) 


is the type. Thus we find 


ald aL woe an—2 
AGG", Woy Wy", WaT, @,! 
(mp > > 
C( 2, Hoy °**5 Ln) 


ae ( By Ba wf 
ral vy —X,) (&,,- eae ae (X41 —%,) (%,—%,_1) oe (%,— 2) : 
a! 


or 


as (2—2,,) (2 —Xpy_1) tS: (@—2,) 


His 


Me (@%—®,) Caray (@,—@s) (@y— 2) 


Vi 
Xn_9 


(®_,_2— By) (®,-2—%n 1) (2n—2— Lng) vid (@,,-2— 2%) 4 


ie ae 
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i 
Vnr-1 


(2,_1;—@,) (®,-1—®p_2) (&,_1—2®,, - 3) ae (%,-1— 2) 


a 


a,” 
(%—%,_1) (X,,—2X,_2) ees: (@,— 2%) (X,,— 2%) : 


oe 


For an illustration, we have 


peaerie te P24 
Pint 38) 1 3 9] 
bh S251) 15 225 | 

16 25 
ee 81 fs 625 69 


~ (2=5)(@=8) " (3-5) (8-2) ” G—3)(—2) 


156. With the help of the preceding article we may reduce 
the quotient 
A (2, Xs 5", cae ee 2,2) 


O(a, Xoy 22° Uy 


to the sum of two similar and simpler quotients, as follows: 
Since 


On ek te 2 n—2 2 Dies avd ae an— 2 —1 
A(a; 9 Meg's Ng's *** Marty LyX) — Vy A (ay 9 Vy Vey *2* Uy -qy Vy! 


Hy TP + oy? wt (a, —m,) |, 
Be Me a2 f(a — a) 

(1) 
1 Dyin Wp Mey HARB, 1 —%) 


9 


2 -2 
1 Ly vy, i Ln 0 


we have, after dividing both members of (1) by €*(a, a, +++ x, 
in accordance with 155, and striking out the factor common 
to numerator and denominator of each term in the second 


member, 
A(2,’, Moly Leis **%y Weis Gt) _ nA (ay, Wy), By’, °° Laois Hf *) 
O(a, es @,) O(a, Hoy ves Ly 
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ae Hy! : 
‘ai: (2 — 2%) (2 — as) Si Xv pee Ug — Vy, ae + (@— a) (@_—2) 


secre Ht wrt . 
(2 m= ~ Ln_2) Ge (a Lng) — (Xp1—%) 


But the sum in the second member of this equation is, 


by 155, 


a Benes epic alae atric Mars : 
Lay oa) Py OG ia ee en ys 


No ee @n-8 v q-l 
m ne mpt—3 Wg) 
1 Xy1 Vn-1 °** U1 Vn-1 


Transposing, we have 


n— 


(ay), gy Ugg 2+ nty Vel) Ly A ay", Bois g's == Gate mee ) 
O(a, Bo -*° Ly, Oe, Bay n> Be, 


y 0 1 m2 
Aa", 2, Legis te? 35 ae =) 


O(a, Vay 29° Uy 1) 


which is the desired reduction. For example, 


an) a? ik aa aie 
ie eee Ley er 1 2 
HS es lesen ee 1 | 1 yl 


O@, y, 2) = "Fey, 2) 7 E(a, y) =a+ty+2= 2 e. 


dh Hee ae le eases 
tee ie es 1 
Wie ee 1 See | Lar 


oe ee ee : ; 
Bn)" C@nD* Bey BTV tate 


The student may show 


“a 


le a ap 
1 
ee eee 


————— = _ 3a + Sa’y + vyz. 
O(@, y 2) ees 
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1—g © "| 
| 
i y y? 
eae 20 
————— = Sat + Baty + Say? + Saryz. 
O(a, y,2 
157. Since every term of @(a, a, --- a) contains a permu- 


tation of all the powers of the variables from 1 to » —1, each 
term is of the Soe 1)th degree. Similarly, every term of 


A (2°, %3', %", --+, ani, @F) is of degree ies oN eek 


Hence every term of 


an—2 


G22, gy tty Uys ve 


é (a, Oy a) Xn) 


is of the (g—7-+1)th degree, as is illustrated in the exam- 
ples of the preceding article. We shall now show that every 
possible term of the (g—n-+1)th degree in the variables is 
found in Q, and that every such term is positive. That is to 
say, the quotient Q is the complete symmetric function of degree 
(q—n+1) of a, a, +++, %y. 

Such a term of Q is 


9 
FS BP US es eg 1 Cas 


By successively applying 156, we develop Q so that the 
terms containing %,, %,%7,1, %,X,1%n_2, etc., are at once 
distinguished. In the first place, 


9 


ett aa i Brite Lene a8 ay 2 
A (ay, &5', Xz °° +5 Un ee 7) Hy tA (Hy?5 Ho's Lys °* "5 Uy 29 Un — 


= x 
@ O(a, %ey °**y a1) ©) (a, Woy v2, V1) 

4 tA, yy Xe, -2+, 00 —$, Ea ee ee vt" A (ay Beas as : joi Qe i) 
G(%, Voy mati | Dace) OM, X25 mas ae 


+ ag, 
n 
The second term, 


wm Ala?, vd, ve, +5 Cao Cea) _ =Q 
eee C= 15 
(ay, Voy **'5 Ly-1) 
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contains the first power of #,; hence we must look for 7 in 
@,. Applying 156 to Q,, as before, we have 


y, > ol mp2 an—4 prq—3 . a) Lee ppn—-4 ma—4 
Q,=x A (2), Wel, Ug, +++, UR—3, WE-9) | Wy A( Hy, Be My 2°, Un —as Va—o 
Ly 7 = me , , 
o (2, Ua, 2 %5 L_—9) CAH), Voy **%5 Rete) 
pean) fo HE Pie pb 
4 nt (25 9 Uy 4 Us +2%5 Un —3, an») ks. 


O(a, ine SPE, ®n—2) 


q—n=1 Sipe le gs n—2 
4 Und A (a), Wey Hs’, +2) ano at |. 
+ ~—_ 
6d CO ee 


In this expansion we must look for 7’ in the third term 


np p0 ml m2 swt=—4 py qI—5 
Uy © 1A (ay 9 Uy 9 Uz 2%) Una» Luo) 


= ().. 
O(a, Vay oy Ee) 


@,. may be expanded as before; continuing in this way, we 
finally obtain the term 


A(a) as) . 


BOO ie DO" saps» se Be ND. 
C3 (a, @) 
for the coefficient of «,2°,_,2, .--- a contains only a, and a», 
and is of the third degree. Upon performing the division, and 
multiplying, one of the terms is J. Since 7 is any term, the 
proposition is established. 
Employing the notation H, for the complete symmetric 
function of the rth degree, we may write the result of the 
present article 


me anit me ppli—2 ( 
A(a 9 a4 Us4 thy Udy wt 


O(a, Boy +++) Lp) g-nti (Ay ®yy +245 ®y)y 


or simply fr Ere Tek 


For illustrations the student may refer to the examples in 
the preceding article. 


* With this notation, H,=1, H_,=0. 
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Again, 
[plow areca? | 
1 gy yf | 
1 ee Z| 
oe Sia ae ae 


Sel, 5 ae oe ae 12h, = Sa* Lary a Saye + Sayzt. 
O(&, Y, 2%, t) ; : 


158. From the two preceding articles we have at once 


A, (x, Wo, °°" oe) —— Hiya 1(%, Hoy ***5 x,,) ae HI, (a, Qo, 22", oa) 
Q) 


Whence we readily obtain 
1, (4%, Uy, °°* ? Cea) =a Vnitt,o(%, Hay.°**5 Vnva) ae HS (a; Xo, cia Xi5)3 
ee iT ay, Vo, Coos a LT,_4 X, Vos Cia | Vn41)— Regd d ky, Vo, mated Lien Ja 
Substituting in (1), 
HT, (21, Vos 7° aes) = wv, baa, Chr Boy ee %5 Un i) 
— Wy ii, _9( By, Loy °°"; ®+1) |} +A, (1, Ve ++*5 Tyo)» (2) 
Similarly, 
FT, (23, Woy +86 Vp Py g1) = Lng 1 (M1, Woy 2++) V4) 
— aX; H,2(%, Uy, ***y Tn41) SE i, (2, Bay 24 %n-1) (3) 
From (2) and (3), 
LL, Xz, ++ Ly) —LL,(@, Xo) ++: eee N 
= (%,— Vy) La (Wry Way ++ Mr4a)- (4) 
159. If any alternant whose elements are powers (simple 
alternant) be divided by the difference product of its variables, 


the result is expressible as a determinant whose elements are 
complete symmetric functions of the variables. That is to say, 


Fe ee i a, 
Pp eae ant 


B uN 
A(ay, v9 aes Ly, 


re (%5 Yay coe Ly, 


. 
. 
. 


| PT onto 1 Hn ee ttn, tl 
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This may be proved as follows. For brevity we employ 
determinants of the third order, but the method applies, of 
course, to determinants of any order.* In the alternant 


A (tis af, u,) == | my at 2} 
af af 2g | (1) 
| ay a ae | 


subtract the first row from each of the other two, then remove 
the factors (#;—@,), (@—a,). Afterward subtract the second 
row from the third, and remove the factor 2; — 2, employing 
equation (4), 158. The result is 


A(ay, ate , ay) Se FT, (2) Hg (%;) Hy) 
O(a, Xo, Xs) it (ay, Ly) Hp-1(%, Xq) ua Bm Ce aE) | 
Hg-2( 2), Xo, 3) LIgo(%, %, 23) H,—2( a, Lo, Xa) | 


The determinant on the right we now transform as follows. 
Add the second row, multiplied by #,, to the first, employing 
equation (1), 158, and obtain the determinant 


FT, (%, ®2) Fg (2, ®2) FL, (2, %2) 
H,-1 (2, %) IT g_1(%, %») FE,1 (4%, %2) 
Hy-2(@; 2, X3) Hp—9(@, 2, 03) y_2 (a, 2 5) | 


Now add the third row, multiplied by 2, to the second, 
again employing (1) of 158; finally, add the second row, 
multiplied by #3, to the first. 

We then obtain 
A(x, ats ais Hg) X24 %3) g(a, Xo %s) A, (a, a, ) |, 
By ey) ae | Df eee (5 Vo5 Xs) FIg_1 (a, V2, Xy) dd (a, Xo, 3) 

Hy_2( 21, ay 3) Hp 9 (a, %a, %g) Ey2(2), Xo, a3 )| 


as was to be shown. For an example, 


* The mode of proof here given is due to Mr. O. H. Mitchell, American 
Journal of Mathematics, Vol. IV., page 344. . 
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ao a | So NiOn ene yak ake 

b bt BF) Kies ot 
w 4 | 

| ¢ Cane | ede ave Ge 


= abe é(a, b,c) | (a,b,c) H,(a,b,c) H,(a, b,c) 
H., H, H, 
ieites Yeh ET, 
= abe l(a, b, c) | 15 foe Wek 
| H, HH, 


= abel (a,b,c) | 3a®?+3ab Sa*® + Sa*b + Sabe 
sa Sa? + Sab 


abe @(a,b,e)| —3ab — a*b — 2 Sabe 
Sa Ya? + Sab 


I 


= abc(a,b,c)| — Sab abe | 


sa — Zab 


= abel (a, b,c) (Sah? + Sar*be). 


160. Form the product 


ie feo? dy, | XLaee? of? ae ale Ae 
Gz, gn +t" Chan apt ep? Vy 
ac 
es eee ee 
Any ng?" Gan | : Vy a is ae Ni 1 


changing the columns of the first determinant into rows before 
multiplying. If we put 


S,(®) = hy e* oF Gat" Sin sia se Gy 1p ae Gnyy 


we find rane 
Pata ly 


=(fite) fla) In(@%) | 
Silat) fa(%2) ++ Sn( 2) 


Ji(@n) S2(%n) KGL Fn (®n) 


| Qin | (a, Woy t*s Ln) 
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If now 
a= Gis 


we must haye 


la, b= 


Z ale C5 ele. ee (AE 
; Gee ere: wie, ve (=)? 


' & Vn) CS \—m)? os Vm? eM oe (| 


where 


( ) Be AG oe RG Umi) A ie VO) 
ue q! 


But this last determinant evidently equals 
= 2in=1) «4 
(HT) EC Yas Yos Yas +22 Yn)» 


where A’ is the product of all the binomial coefficients of order 
n—1. We have, accordingly, 


(a — 4)" (= Yo)” (1.— Yn)” 
(%—y) (@e—m)  (@—y)"2 


| (Ys) on ee tee (= Yn)" 


= EGG, Uy, Wy, ***, Xn) On; Yoo Us 85 Yn) c 


If now #,=y,, we have (a, %, %, ++», 2,) in the form of a 
determinant. 


161. Suppose now that a,,0,-+++,a, are the roots of an 
equation 


f(#) = 0. 7A) 


APPLICATIONS AND SPECIAL FORMS. 199 


Then @(a,, as, a3, +++, a,) is the product of the differences of 
the roots of (1). Square this determinant, obtaining 


€ (ay, ao, +++, a,) =] 1+1 +.---+1, Oy +ay +--+ +a, 
ae + ay ante sb ay, ap ftazy+e+++a? 
ja? taf +--+a2  aStaf+.. +a, 


fe ar [@ etude a," +-o,"-+- se SEO oe 


hice +- a1 2k ae ke ge | 
an bape 1 pas 
a + a; +1 ete sam Se aie 


ap"? +a" 2 =e ets ah oe 


=| So Sy So Sy 1 is 
8) So So Si | 
S. 83 84 Spd 
Ss), 1%, Sn4 tigce: Son —9 


where, as usual, 
S, =a] tas +--+ +a). 


162. The preceding article gives us an expression for the 
square of the differences of the roots in terms of s; We can 
also readily obtain an expression for the sum of the squares 
of the differences in terms of s; as follows. 


We have 
eee 4 | OE Me a 
a Bp y os KX 5. aa = (a—B) 


by 58. 


163. We shall conclude our discussion of alternants with a 
theorem on the reduction of alternating functions to alternants.* 


* © Reduction of Alternating Functions to Alternants,”’ Wm. Woolsey 
Johnson, American Journal of Mathematics, Vol, VIL, page 345, 
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Any function of the form 


dyi(a, bed «++ 1) bo(a, Ded +++ 1) +++, (4, bed «++ 1) | 

(db, acd +++ 1) o(b, acd -+-1) +++ fh, (b, acd «++ 1) | (1) 
(1, abe +k) do(l, abe ++) ++ by (l, abe +++ k) | 

is evidently an alternating function of a,b,c, ---/, if 


b(a, bed --- 71) 


denotes a function of the quantities a,b,c,---1, which is 
symmetrical with respect to all the quantities except a. If 
each element of this determinant contains only the leading 
letter, (1) becomes 


A®) A) A F(a}; 
(0 2(D By ot SAD | 
| At A) Fak ) a Fu) | (2) 
AD Sl) AD) co Sich EN 


an alternant, which we represent, as usual, by its principal 


term, 
LA(@), AM) Be), sae (7) ]. (3) 


Now, if the principal term of (1) can be separated into parts 
of the form (3), then the given alternating function (1) is 
equal to the sum of the alternants represented by these partial 
terms. This is proved as follows. Since an interchange of 
two rows of (1) is equivalent to an interchange of the corre- 
sponding letters, any term of (1) can be obtained from the 
principal term by a suitable transposition of the letters, and, 
similarly, the corresponding term in each of the alternants may 
be derived from its principal term by the same transposition 
of the letters; hence every term in the expansion of (1) is 
equal to the sum of the corresponding terms in the expansion 
of the alternants. 
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Accordingly, if a determinant of the form (1) is expressed, 
as usual, by writing its principal term in (), with commas 
between the elements, we may erase the commas, and treat the 
expression within the () as an ordinary algebraic quantity. 

Thus, 


bed 1 a a’|= A(bed,1,¢,d*)=A(a’,d, ce, a*)= (a,b, c,d). 
ieaa. 1b oF | 
| “10h la a / 
labe 1 d @| 
Again, 


| one) 0-0 | 
[1 @+a@ &+ca | 
Pee Ge tee | 


= A(1, ?+a?, ce? +ab) 


= A(a’, b", ct) + Aa’, b,c) + A(a, b,c) +A(a%, b, c) 


= A(a’, b, ey = —_— (cb a L ok ay C(a, b, c) é 


Functional Determinants. 


164. Consider the following 7 functions of the n independent 
variables 2, @, +++ @,. 


ni = fi(X; Bos **%y Su) 
Yo = Jory Wey - <5 ) i 


Yn =f.(%, Uyy v4 Uy, 


These functions will be independent if for every set of values 
of 4%, Yo* Y, equations (1) determine one or more sets of 
yalues of 2, a, -+- @,; so that these latter variables can in their 
turn be considered as functions of the n independent variables 


Yr, Yo) «°° Yas 
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Differentiating equations (1), we have 


dy, = Law, + Yaa, +... + Baw, 
ba, ba, ba 


“wn 


Oe aay By fee +2 Sa L a,, 
Ox, O25 bu, WS (2) 


dy, = he ie + lade, tee. ft ohn da 


ba 


n 


Regarding equations (2) as a system of equations for deter- 
mining da, dx, --- dx,, the determinant of this system 


8% 8H a on — 9 (Yrs Yor 7+» Yn) = J 
82, 52, 8x, 8 (a, Moy tts La) 


dav, Sa, 8a, 


da, Sa, 82a, 


is called the Jacobian of the given functions 4, Yo, +++ Y,. 
Or, in other words, the Jacobian of a set of » functions, each 
of n variables, is the determinant ||, in which the element 
k,, is the first derivative of the pth function with respect to the 
qth variable. Thus, given 


9 = 0 + 2bet+ct?, yom aye? +2 det + ot? 


The Jacobian 


8 (Yay Yo) Yo) _ az +bt bz +e _4\|y% be +t 
8 (z,¢) ag+bt betetl zly betet 
4) 0 0 1) 4)? —2t 21, 


ay 1) Cc 
m% bh 


aly, bz +et -¢ 
Yo bye + Ct CG 
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165. If the functions y,, y, --- 7, are not independent, but 
are connected by a relation 
b (Yrs Yoo *** Yn) = 9, (3) 


the Jacobian vanishes. 
From (3) we have, by differentiating, 


dh 8 Yo 
= Mee uaa op : Sys a Spe a ie Yn 9 
dy, da, dy, 82, dy, 82, 


So : ou a _ OY 
i, Oy — BY 


“bits ete _ 8Yn — 9 
2s a ee (4) 


[eZ] 


dh by, , Oh BY ob | dy, 
Pay cade ie OP og! eet) 
by, da, = by, da, S Bane dy, ba ; 


“7b 


From their mode of formation, equations (4) are simulta- 
neous. Hence the determinant of the system vanishes by 77; 
or, 


J-=0; 


We shall show presently that if the Jacobian of a set of 
functions vanishes, the functions are not independent. 


166. The Jacobian of the implicit functions 


Fy (15 25 *** Lng Yas Yoo * Yn) =9 | 
F, (%, Wo, 22° Uns Wis Yoo * - Y,) = =0 


L 

eee eee eee eee rf 

| 

a (2, Voy 0° Cus Ns Yos.*** Yn) = 4 0 J 


is found as follows. 
Equations (5) yield 


8%, 885, OF Bung. 4 OF. 8 a 
82, in 1 "8a, Yo da, by n 52, 


(i, k= 1, 2, «+, 0). 
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Using equation (6), we find the product of 


oun 


to be 


Whence 


SF, SF, 

bY Bn | 
oF, BF, 
by Z by n 
SF, oF, 
by 2 by n 
(=1)") 32, 
62°, 

SF, 
day, 

oF, 
bay 


Yn) 


_ 8(Ya5 Yoo *** 
T= 5 (a, a) > 


ye 
vn 


J (— iy 


and | dy, 
ony 


(oe 8 


ne 


dary 


a(f, F,, oe 


bys BYn 
6 uv 1 Ov, 
oy 2 0] n 
625 625 
bys 8% 
6a, 62, 

oF, |. 

bx, 

oF, 

oF, 

bw 


© F,) 4 (FF, + EF) 


If in (7) we put n=1, we get 


eee eee 


a well-known formula. 


> Saran 7 
OD, HOyy es day 


@i) O(a» Yes Ya) 
(7) 


167. If in equations (5) we consider 2, a, +--+, as funec- 
tions of %, Yo +++ Yny We Obtain, as above, 


ly 


8( Ff), Fy, +++ F,) _ 6(4, Fy, +++ F,) 
SCY» Yoo 2° Yn) «= (Bay May 


Gao Ln) 


8 (a, Xa, +++ @,) 
? 2 n F 3 8 
B(Yry Yoo *** Yn) (8) 
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From (7) and (8), 


2h» = ae In) x ohn 4 L,,) _ ike (9) 
6(2, yy o°* Ln) d(H, Yor *** Yn) 


168. Again, having given the »+~ functions, 


‘v . . >> 
Fy, (21, v2, cee ting dy Y2 an Yntp) = 0 
Fy (%, Voy 20° Uny Ny Yas aa Yn ay) 0 


(10) 


-H-—_—Y 
. 


yy > . »y 4 — 
Pity (2%, Xqq °°9 Uy Ns Yoo **° Ws ain,) pews 0 


The Jacobian ; 
J= S(Y1s Yor *** Yu) 


8(%, V5 ag X,) 


of the first 2 of these functions is found as follows. Differen- 
tiating equations (10), we find 


OF, _ oF; by | oF; bys 


+ Brae ae OF, OU nes 


a aa N y > (0 ) 
82, by; 52, bY ba, OU nate Ox, 


(@=1,2,--n+p; k=1, 2,--- 7). 


Now multiply together 


mei oh, | oF, OF 1X] on Sy. Yn |, 
by, ra) 9 OY nip Oa Ou; bar, 
oF, OF, oF, 8th So 8Yn 
oN bYo BY np ba, day be 
OF n+p OF i ate OP + dy 1 by: Bh 8Yn 


8 SY BY np da, da, 82, 


first writing J as a determinant of order n+p, thus : 
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ay OY n Oni Ynp | 2 
ba, Oa, Oa, 624 
dy ig dy n by n-+1 7] n+p 


bs Op OW bir 


02 1 BY, SY, 1 OY tp 
OL. Ou, OL, 


One 
7) ¢) 1 0) 
0 0 0 Le 
Calling the product P, we have 
P=(-1)” OF OF, oF; 6F, 
82 ba, 8Yn42 ss Yury 
oF, OF, bf, OF, 
Saye Ae Ore ei 9 eee 
hier oF, p OL nip Ol ig 
82, 82, OYA - SY np 
=(—1)” 2 8 (Ff, Fy, Bk'e Di) . 
O(X1, Voy 2+ Way Ynsis Ynt2s °°? Ynap) 
since, by equation (0) for kK<n, the element a,, of P is mele 
x 
and for k>7n, or ; 
BY 
We have, accordingly, 
J= ie 
a A 


169. Suppose equations (5) yield upon solution 


y= $1 (2%, Woy 285 %,) » (c) 
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Solve (c) for a, and substitute this value of 2, im the 
remaining n—1 equations; then yo, Ys, °** Y,, become functions 
Of Wi, %,>*-%,. Thus 


Yo = do(%, Voy ee ae (d) 


Solve (d) for 2, substitute the result in the remaining n— 2 
equations ; then 73, 74, -++ ¥, become functions of 


Yio Yas Ugy ve7y Uys 
Thus Ys = Ps(Yis Yor Uys ***y Lp)- (e) 
Solve (e) for a3, substitute as before ; and so on. 


We obtain the equations 


Uh 7 1 (2, Vo5 alte %,) = 0 
Yo — fe(Yry Vey -+* Z,) = 0 
Ys — (Yrs Yor Usp *** By) == vis (11) 


Yn _ b,(4s Yo bie af Yn-19 = Xn) = 0 J 


By 166, Ta OhYi2 Yor 22 Yn) 
~ 8(a, V5 oe Yn) 


ddr dg) bg) “ae _ oi ; 
da, 82, Sa du, 1 0 0 0 
0 _ 5d2 _ o¢2 coe _ 5d2 _ dhe 1 0 0 
62 2%, 62), by 
0 bs 85} | _ 8b, Shs 4 A 
620, bx, by 1 by 2 
+e 0 
dd, in 3g, a 3d, piel, dd, 1 
: ¢ : - 8x, | ay 8Y2 8Y3 
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That is to say, the Jacobian of u set of functions Jy, Yos ** Yrs 
each of n independent variables a, ®, +++ %,, 78 expressible as a 
product of n differential coefficients of the functions dy, dso, +++ Pn, 
where dh, is a function Of Yy5 Yor oe? Ypay Bry 07 Rye 


170. The result just obtained may be employed to show that 
if the Jacobian of a set of functions vanishes, the functions are 
not independent. 

For, if ee dd, . dd» doy, 

) 


OOF is 

6a, 
where 7 has one of the values 1,2,---”. But if ee = 0, -¢, 
does not contain 2,, 7.é., i 


Ys = Pi (Yas Yor 1 Yi-ay Visas *** Ln) 

Also Yin = Ginn (hs Yoo *** Yir Vigay *°* Uy) 

From these two equations, 
Yin = Wiss (Yrs Yos °° Yay Xi; 12) Visa, *°* Up) 3 


therefore y,;,; does not contain a;,,. In the same way we may 
show that ‘y,,. does not contain #,,,, and so on. Hence, 
finally, 

Yn = Wa Yas Yoo 0 Yn1) 3 


or y, is expressible as a function of the remaining n—1 func- 
tions, and hence the given functions are not independent. 
For example, if the given functions are 


CQ) wse+y, (2) v=e—2, (3) w= aytoe—yz—2, 


ice is ai yte |. 
et) U—z 
0 —1 w—y—2z 


APPLICATIONS AND SPECIAL FORMS. 209 


fod 


J evidently vanishes. Accordingly, (1), (2), (8) are not 
independent. That the given functions are not independent is 
easily shown directly as follows. We readily obtain 


¢=e—V—Z 3, wW=v(U—?v), 
as was to be shown. 


171. If the functions y, y, +--+ y, are the n partial derivatives 


Se Be,’ of a function f(a, #, --- &,), the Jacobian 
Hf)=| of of Be 
oa? dada, 822,82, 
er Bee " 
dada, day 62,82, 
ee A. oF 
62,02, 62,02 6a,2 


is called the Hessian of (a, %,---,). The Hessian is a 
symmetrical determinant, since 
ives 


62,52, 6,92; 


If the derivatives ha Be 


tion, with constant coefficients 


, are connected by an equa- 


nn 


the Hessian must vanish. 


172. Let fi, fi. f, be » given functions of the same 
variable x. Suppose the functions are connected by the linear 
relation 


Of + defo + dg fg +s FOS, = 9; (1) 
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in which @, dy), +: d, are not functions of w. Differentiating 
(1) successively » —1 times, we have 


Gh +af + aha =e 
On fy" a Gaga + ata ema ae = 0 (2) 
\ 


asf + def? + agg? tt ooe* On dn > = 0 


Eliminating ,, dy, +++, from (1) and (2), we find 


ih aie te = Dee eee 
a en ore 
Te lee Alana 30 i) 


Sipe a Sem he ees fro 
The determinant of (3) has been called the Wronskian of 
Jis Soy «** ne ~We see from (3) that if the functions f, fi, --- f, 


are connected by a linear equation of the form (1), the Wron- 
skian vanishes. 


173. If we denote the given functions by y, Yo, +++ Y,, and 


the derivatives by yy, Yu, + (é-e., the second subscript denoting 
the derivatives), we may write (3) 


Mr Ye <- Ym |= Dh, Yer Yer- Yn) =O. 
Yu Ya COO rat 
Vine Yan Ynn—1 


Now y being any function of 2, we find 


y"D(%, Yrs Y3y °°" Yr) = 1 ny (Hy)i O85 (HY) n—1 ; 
Yo (YY). (YY) n1 
: : : : (5) 


Yl Ae) = ges 
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in which the subscript & of (yy), means the kth derivative of 
(yy). That is to say, the Wronskian of my, yy, + YY Is 
the product on the left in (5). This is made evident by notic- 
ing that since 


YI=YAaytyys, UWYr=Yayt 2yay' +yy"s 


etc., where 7’, y', ---, are the successive derivatives of y, the 
determinant on the right becomes a sum of determinants, of 
which the first is the product on the left, and all the rest 
vanish. 


174. We find 


GD (fy, Yas =**5 Yn) Gu. Yu «*" “Yin 2 Yin | 
dat Yo Ya °° Yon-2 “Yor 


(4) 
Yn Yn cai Yn n--2 Yn n 


for in the sum of determinants which make up the derivative 
sought, all vanish except the one expressed in equation (A). 


175. If in 173 we put y = as the Wronskian on the right in 
4, 
(5) reduces to Hs 


=O, ~ @J-o[O:-@) 
Yi) Yi) 2 YW/n-1 WW) isi Wy 
De-€ 
On 1 y n—1 


n 1 Yi/n-1 | 
Now 


=) _ DY» Ys) | (“) = P@ut), (3 _ DY» In), 


ody Yr uy Yr n Wy 


N 


1 
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Then if we put 


D (95 Yo) = 25 D (Yrs Ys) = 239 00° D(Yy Yu) ar 
we get 


D (ans Yor 07° Yn) = 7 —— D (Any Ryp20 %)- (6) 
1 


176. We shall employ the result just obtained to show that 
if the Wronskian of %, %,-:: y, vanishes, the functions are 
connected by a linear equation having constant coefficients. 
Suppose that 7, does not vanish, and since by hypothesis 


D (Yrs Yos *** Yn) = 95 


by (6) of the last article we must also have 


— D (2g, 235 +++ Z,) = 9. 


n—2 
n 


Therefore, by 172, the n—1 functions 2,, 2, --- z, are connected 
by a linear relation, 7.¢., 


(ly Zy + Ug2zg+ --- + 4,2, = 0. (7) 


Dividing (7) by y,’, and restoring the values of 2, Z3, «++ z 


n> 


Yo Ys n . 
ls (4) + Us Bek + bd, (*) = : (3) 


Integrating (8), we find 
I + le Yo + 3Y3 + ++ + On Yn = O- (9) 


Therefore assuming that if the Wronskian of n—1 fune- 
tions vanishes, the functions are connected by a linear relation, 
we have shown that when the Wronskian of n functions van- 
ishes, the functions are connected by a linear relation. But 
the assumption is obviously true for two functions, hence the 
theorem is true universally. 
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Linear Substitution. 


177. If the » functions (one or more) 


Ji = Ay X + My V+ +++ + MyM, | 


ts — Coy wy _ Ago 2 y+ - a oe Cs mm» 2 on | 
eae ee @) 


Ie = Ay Py ze Cy os 2 a - =~ nn* Ty =e 


are transformed into functions of %, %/., +++ y, by the following 
linear substitutions,* 


= Oy Yi + Oy Yo +o + Onn | 
cane tht bats foe Pant 


(2) 
a hey, =e os Yo = = -+1 Jnn Yn 


the determinant |,,| of the system (2) is called the modulus 
of transformation. If the modulus is unity, the substitution 
is unimodular. If a, 2,,--- 2, are independent, the modulus 


cannot yanish. 


178. If the functions (1) are transformed by means of (2) 


into 
AL = My Yi My Yo ee My Yn ) 
Sy = Moy Yy + Mop Yo + ++ + Moy, Yr, . 
) 


ee ‘2 (3) 
ts = Mrryi =f Nby2 M2 ae 0 OSS Man Yn 


the determinant of the system (3), 


| My, Whoo ake Man | 5] 


* The learner can understand the importance of linear substitution by 
noticing that such a substitution is the process involved in transformation 


of codrdinates in Geometry. 
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equals the product of the determinant of the given system (1) 
by the modulus of transformation. That is to say, 


| Min | == | Cyn | x | Din |. 
This is proved as follows. The coefficient of ¥,, 
Mix = Wi Dy + Aig Dy + e+ + Gin Onis 


is found by multiplying equations (2) by da, Giz, +++ Wingy TeSpec- 
tively, and adding by columns. Whence, by 53, we see that 


| My Myo °° My, |=] An ye *** Chyn| X | Dy Dy vee Oy, |. 
| Mg, Myo “s+ Mon Cy, yg 8g, Dy Dog +++ Ban | 
Mny Mpg 2° Myy | Unt Ang °** Ann | Di Dis we Os | 


179. If / (2, %,-++@,) is to be so transformed by the sub- 
stitution 


& = Bu git Bie Yo + -*: + Bin Yn | 
Xy = Bu i + Boo Yo + -*> + Bon Yn ; 
ze ae ae (a) 


eee . eee . | 
xv, = Bua ae BrsY2 | a ++ Shue J 


that Ye Ys vee HYyy = Wy + wy + + + 2,7, 


the linear substitution is called orthogonal. The coefticients of 
an orthogonal substitution must satisfy the following condi- . 
tions. 
A. Since 
A We a 

= (Bn th + Bis Yo +o EB Yn)? + (Barth + Bo Yo + + Bon Yn)? 
ak one 300 Bon Ser + (Buti + BisYo+ woe + BinYn)* 
=(By + Bar +: +Bar)y? + (Be + Be +--+ + B,2)y? 
+ s+ + 2942 (Bur Be + Bo Boo + ++ + Bir Bue) Foy 


APPLICATIONS AND SPECIAL FORMS. ile 


we must have 
x ne +B te +B =1 
BiB + Boi Ba, + eg == Bri Bun = 0 (7, fe ib. 2s ae n). 


B. If we wish to return to the original function from the 
transformed function, we must put 


Il. Yi = Bri + Bo + +++ + Bri Wns 
For from (a) we readily find 
Bri® + Boi ®2 + +++ + Brin 
= #1 (Bu Bi: + Ba Bei + +++ Bur Bri) + Y2(Bi2 Bui + Ba Bar + +++ +Bn2 Bri) 
Ya Pin Pu Ps. Pa to Bea Bni) 


Now, by I., the coefficient of y,= 1, and the other coefficients 
vanish. 


C. The square of the determinant of the system (a) 
(modulus of transformation) is unity. 


For 
Bu Be + Bia? 
piste Ba Bo. +++ Bon 
Bri Bae “as, Bo 
|D,,,| is a symmetrical determinant by 108; since, by I., 
= 0, De= t, 
éhe truth of III. is obvious. 
D. B,, being the minor of 8, in | 2;,|, we find 
Ba= By| Bin Is 
For multiplying the equations 
Pa ey ans a Saas — 0, 


=| Bn l? =1Din\- 


fs Bu +: OS a a= aoa! ve 


Bas Bn +t ae Pore =e 0, 
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in order by By, By, +++ B,,, and adding, we have 


By = Bu (Bu Bi Sie rece + Bi, Bin) ae pai = jexp (Ba Ba sF lace + Bin Bin) 


+ eee + Buz (BuaBa Ste Poe = Bun Pin) « 


But all the coefficients, except the coefticient of 8,, vanish ; 
hence 


We 1B = Bi Bin | a 
HH. By the preceding condition IV., 
(Ba Bia apg Bin pam) | Bin | == Ba Bia BP PO Bin Bins 


The second member of this equation is | 8,,], or 0, according 
as 7 and k& are equal or unequal. 
Whence 


AWE. f Bix ae Bx Tanverde Bin =1 
( Ba Bia ae BeBe == ae He exe Cre ail) 


fF. The following relation holds between the minors of the 
modulus of the orthogonal substitution. 


Bria rae Bria jae SOO Pra ln | 
Br+2 r-+1 Br42 a B, +2 n 


= Bia ll Kee Bs Biyl- 
Bx Bw» ye Bo, 


VI. “te 
8, rl B,, r+2 nia es, n Bra B,2 roe B,. r 


For, by 61, 


By Bis COO iy — Brelt=* Bras r-+1 Bra eee ek Bova n |e 
By Bay ee B, , Brae r+1 Byx2 ro “ee Breve n 


By IBS “ie 1B Sree Baers eek Pan 


APPLICATIONS AND SPECIAL 


Now, by IV., 


By By By, | = | Pin |" X By 
By, By B,, | Bx 
B, By B,, Ba 


Whence, equating the second members 
tions, the relation VI. follows. 


FORMS. JAE 


By Bi, 
Bo» Bar 
Bs Bae 


of these two equa- 
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